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; SUMMARY 


_A quantitative theory is presented to explain the shape of the out- 
ut waveforms when square-loop ferrite cores are switched. This is 
ased on the qualitative theory of Menyuk and Goodenough.3 
farious useful equations arising from the theory are deduced, and it 
; shown that the agreement with experiment is reasonable. The 
heory indicates which parameters of the material need to be known 
1 order to predict its behaviour. 


_ 


LIST OF SYMBOLS 
#4, = Residual permeability. 
F = F(r) = F(B) = Distribution function. 
v = Radial velocity of domain wall. 
fa ame: 
p = Probability of an element (d@) reaching radius r. 
a, a = Arbitrary areas. 
p = Density of domain centres. 
_ H,, = Magnetizing force. 
_ H, = Coercive force. 
TE — Lp. 
B = Flux density. 
B,, = Saturation flux density. 
Xy) =Loss parameter of the material: dB/dt = XoFH, 
ohms/m. 
"1, ky = Constants. 
_ T = Switching time. 
igo = Applied current. 
i, = Coercive current. 
i = Ig ae Ue 
Vinax = Peak output voltage per turn. 
Ro = Loss resistance of a Core: Ving, = Rol. 
R = Instantaneous loss resistance = RoF. 
@® = Magnetic flux. 
’®,, = Saturation flux. 
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(1) INTRODUCTION 


It is found impossible to describe the behaviour of a square- 
loop ferrite core in terms of an equivalent circuit composed of 
linear elements, owing to the essential non-linearity of the 
material. The major property of the core to be taken into account 
when it is switched at high speeds is its residual loss, which makes 
the core itself appear resistive rather than inductive. The effect 
of this residual loss will be considered in-some detail, and a 
method of calculating the behaviour of any particular core 
circuit will be described. This method does, in fact, predict the 
behaviour of a core with more than sufficient accuracy for the 
design of switching circuits, although it does not take into 
account the higher-order effects which are relevant when con- 
sidering the suitability of the material for storage. 


(2) D.C. PROPERTIES 
The properties of the material at zero and low frequencies are 
described completely by its well-known hysteresis loop. An 
idealized hysteresis loop is shown in Fig. 1. The origin has 


Fe 
Fig. 1.—Idealized hysteresis loop. 


been chosen so that in one of the remanent states B is zero. 
This is convenient because B,,,., then represents the change in B 
when the core is fully switched, and because in practice the core 
is never likely to be completely demagnetized. Two values of 
the permeability of the material are of interest, namely the 
residual permeability (4,), which is small, and the permeability 
on the steep part of the loop, which is so large that it may, as 1s 
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shown later, be considered infinite. The values of the field 
at the knee of the curve and at the saturation point are not 
vastly different, owing to the high permeability in this region, 
and so both these values will be loosely referred to as the 
‘coercive force’. A more precise and convenient definition of 
this quantity will be given later. 

So long as the fields applied do not exceed the coercive force, 
the material behaves as an ordinary linear magnetic material of 
permeability ,. This causes any winding on a core to have an 
inductance (with a mutual inductance to any other winding), 
and this effect of the residual permeability is often of importance 
when the core is not actually being switched. While the core is 
being switched, the effect becomes of secondary importance, and 
in the following discussion it will be neglected. 


(3) A.C. PROPERTIES 
(3.1) Losses 


An ordinary metallic ferromagnetic material has an eddy- 
current loss due to currents in the material itself. It also has a 
‘residual loss’, which is a fundamental property of the material, 
but this is usually negligible because of the much larger eddy- 
current effect. In the case of a ferrite, the resistivity is so high 
that eddy currents can be entirely neglected, so that the residual 
loss becomes the dominant factor. 

If a core is switched by a step function of current applied to a 
winding, then, in principle, the output voltage should be a 
spike of infinite amplitude lasting for an infinitesimal time. In 
practice, it is observed to be of finite amplitude and to last 
for a finite length of time, i.e. longer than the rise time of the 
current (see Fig. 2). Thus the core is giving a voltage output 
while its input current is constant, which implies a resistance 


OUTPUT § 
VOLTAGE 


APPLIED 
CURRENT 


Fig. 2.—Core output waveform. 


rather than an inductance. The time taken to switch the core is 
found to decrease as the current is increased. In order to 
switch it in about a microsecond, the applied field must be about 
twice the coercive force and is therefore much larger than the 
difference between the field at the knee of the hysteresis loop 
and that at the saturation point. It is for this reason that the 
slope on the steep part of the loop can be considered infinite, 
since it plays a very small part in determining the output voltage 
when the core is switched at these high speeds; in the rest of the 
paper it will be assumed to be infinite. 

It is found experimentally that, if the peak output voltage is 
plotted against the switching current, a straight line is obtained 
as in Fig. 3, provided that the rise time of the current is short 
compared with the switching time. The coercive force will be 
defined, for the purpose of this paper, to be the intercept of this 
line on the current (or magnetizing force) axis (H, in Fig. 3). 
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PEAK OUTPUT VOLTAGE 


He 
APPLIED CURRENT (OR MAGNETIZING FORCE) 


Fig. 3.—Variation of peak output voltage with applied field. J 


This definition has also been used by Karnaugh,! who callee 
it the ‘pseudo-coercive force’. It is a quantity which is precise} 
determined and of considerable use, being somewhat larges 
than the coercive force as usually defined, namely the fiele! 
necessary to reduce the magnetization from remanence to Zero. | 


(3.2) Approximate Equivalent Circuit 


It is found that the graph of Fig. 3 is accurately a straighi 
line, limited only at large currents by stray capacitances of th f 
windings. The slope of this line, when current is plotted agains: 
voltage, has the dimensions of resistance, and is of the ordex 
of half an ohm for typical cores. The properties of the cors 
when it is being switched can be approximately represented by 
fictitious resistor of this value, connected to a fictitious singles 
turn winding, the core being regarded as a perfect transforme! 
provided that the magnetizing force exceeds the coercive value 
and that the coercive force is subtracted from the magnetizin: 
force before the output voltage is calculated. This equivalen; 
circuit for a core was first suggested, in connection with meta 
cores, by Sands.” | 

Although this simple representation of a core is adequate fo: 
rough calculations, it does not give a true picture of its behaviour 
The equivalent circuit implies that when a current step o 
amplitude ip is applied, the output should be a square voltage; 
pulse of amplitude R(ij — i,). This is roughly what is observec 
with metal cores, which is to be expected, since their losses are 
due to the resistance of the material, which the fictitious resistoz 
R should be able to represent fairly well. With ferrites, however 
the output pulses are observed to be far from square, and are 
in fact more nearly triangular, as is shown in Fig. 2. An 
explanation of this phenomenon will now be given. 


| 
(4) THEORY OF SWITCHING : 
(4.1) Shape of Output Waveform: Qualitative Theory | 


(4.1.1) Domain Wall Movement. 


A qualitative explanation of the phenomenon has been giver 
by Menyuk and Goodenough.? Their theory applies to both 
metal and ferrite cores, the only differences being that, for the 
metal core, there is an extra term due to the eddy-current loss 
and the saturation magnetization is greater, which leads to 2 
different switching time. They suppose that, when the materia! 
is magnetized in one direction, small domains of reverse mag: 
netization exist at the grain boundaries, and also at voids ir 
the material in the case of ferrites, or that such reverse domains 
are formed by the application of a small reverse field, the latte: 
mechanism tending to give a squarer hysteresis loop. The 
boundaries between such domains and the adjacent ones ar 
180° Bloch walls—the directions of magnetization on opposite 
sides of such a wall being 180° apart. It is proposed that the 
reversal of magnetization takes place by the movement of these 
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3 loch walls in a direction at right angles to that of magnetization. 
\ picture is presented of cylindrical or ellipsoidal domains of 
everse magnetization growing by increasing their diameter, 
til they either reach the grain boundaries or meet with other 
h growing domains. 
Menyuk and Goodenough then go on to suggest that a 
loch wall will not move until a certain minimum field has been 
tpplied, and that when it does the only significant retarding 
‘Orce is a viscous one, which is due in part to the eddy-current 
Oss, if any, and in part to the spin-relaxation effect. (The 
atter occurs because any attempt to rotate an electron spin by 
plying a magnetic field will, by classical theory, cause the 
: ctron to precess, so that if it is required to turn it over 
lickly, a large field must be applied.) The viscous force 
mplies that the velocity of the Bloch wall is proportional to the 
mount by which the applied field exceeds the minimum field 
ecessary for motion to start. 


d .1.2) Voltage Output. 


The voltage output from the core is proportional to the rate 
of change of flux within it, and therefore to the rate of change 
of cross-sectional area of the growing reverse domains. Since 
he radius of these domains increases at a constant rate for a 
sonstant applied field, and since the cross-sectional area is 
woportional to the square of this radius, the output voltage 
nitially increases with time. Later, when the growing domains 
Xegzin to coalesce, the rate of increase of the area diminishes 
wain, and thus accounts for the roughly triangular shape of the 
ybserved output waveform. The following equation [eqn. (6) of 
Reference 3] is proposed: 

dD _ 161, (cos 6)? 

B 


= Eos! ion (1) 
where J, is the saturation magnetization of the material, B is 
he viscous damping parameter, H,, is the applied field, Ho is 
he critical field mentioned, and @ is the angle between the easy 
lirection of magnetization and the field. F(r) is a distribution 
unction which takes account of the variations in the rate of 
change of the area as the radius of the domains increases. The 
orm of F(r) is not given, but it will be calculated in the following 
section. ; 

The above is an outline of Menyuk and Goodenough’s theory, 
ind the experimental evidence quoted in their paper, and in 
mother paper,* indicates that this outline probably represents 
he true mechanism of the process. They also give some further 
juantitative detail of the probable magnitudes of some of the 
juantities involved, in an effort to predict in what direction 
mprovement of the material is likely to lie. The correctness or 
Ytherwise of these details does not affect the validity of the 
asic outline, neither does it affect what follows. 


4.1.3) Effect of 0. 

In a polycrystalline material, the directions of easy mag- 
tization of the grains are not necessarily parallel to the applied 
ield. which accounts for the term in @ in eqn. (1). The effect 
f this cannot be large, however, since the ferrite materials in 
fuestion have cubic structures, so that any given direction 
annot be far from one of the three possible directions of easy 
nagnetization. An attempt to take account of this effect in a 
heory will lead to much complication; it will probably be invalid 
ecause of the fields due to poles set up in the material wherever 
rains with different orientations meet, and because of the 
tresses which exist in ferrite toroids and which, by symmetry, 
qust be either tangential or radial, and therefore either parallel 
r perpendicular to the applied field. Either way will tend to 
lign the easy directions of magnetization, either parallel to the 
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applied field or perpendicular to it, depending upon the sign 
of the magnetostriction coefficient, and this will probably 
invalidate any attempt to bring 0 into the theory. In any case, 
the only effect of having the direction of easy magnetization not 
parallel to the field would be to reduce the velocity of the Bloch 
walls, and this would not affect the shape of the output wave- 
form basically. In the following treatment, therefore, the effect 
of 0 will be neglected. 


(4.2) Quantitative Theory 
(4.2.1) Calculation of F(r). 


It is assumed that reversal of magnetization takes place by 
the growth of cylindrical domains which are parallel to the 
applied field. The centres from which these domains start are 
scattered at random throughout the material. At time ¢t = 0, 
all the domains are assumed to be of zero radius, at which time 
a field H,, is applied. The domains then expand with radial 
velocity proportional to (H,, — H,), where H, is the coercive 
force. 

It is necessary to consider only a typical cross-section of the 
material perpendicular to the field, so that the domains become 


circles. Let the radius of a domain be r, and let the domain 
walls move outward with velocity v [proportional to (H,, — H,)]. 
The area inside a domain, A, is zr; 
dA dr 
therefore —— ae 
r i 2nr +f QPOs et ee Soe) 


It is now necessary to consider the annihilation of domain 
walls by the coalescence of the expanding domains (see Fig. 4). 


Fig. 4.—Intersection of two domain walls. 
The applied field is perpendicular to the paper. 


Consider an element of domain wall subtending an angle d@ 
at the centre of the domain. If, when the domain reaches a 
radius r, this element meets another domain wall, also of radius r, 
the centre of this second domain must lie on a circle of radius r 
(dotted in Fig. 4), centred at the point of intersection. If the 
centre of a second domain had lain within this circle, the element 
d@ of the first domain would never have got this far. Therefore 
the probability that this element reaches a radius r is the same 
as the probability of finding no other domain centre within this 
circle of radius r (or within any other circle of radius r, since 
domain centres are scattered at random). Let this probability 
be p. Then p also represents the proportion of such elements 
which survive until they reach a radius r. Thus the rate of 
change of the area enclosed by the circles, divided by the number 
of circles, is given by 


EA = darep ee RT IEG) 


It is now necessary to calculate the probability p. Consider 
an area «, and within it an area a. If a particle is put in a, the 
probability of finding it in a is a/x, and the probability of not 
finding it in a is (1 — a/a), so that, if m particles are put in a, 
the probability of finding no particle in a is (1 — ala)”. 

If p is the density of the particles, p = nia, and « = n/p. 
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Therefore the probability of finding_no particles is 
p= (1 — apn’ 


Now lim p =e. Thus, if a is the area of a circle of 
dj n-> oo 
radius r, 
p=e mre (4) 
Combining eqns. (3) and (4), 
Gas 2nrve—7e (5) 
dt 


But v is proportional to (H,,, — H,), and the rate of change of 
flux density (= dB/dt) is proportional to dA/dt, 


dB 


Therefore = oC (H», — H,)re-™ (6) 
so that the required distribution function is given by 
FE) = Kre-*" (7) 


where K is an arbitrary constant. 

Since, however, the value of B at time ¢, being proportional 
to A, is a function of r, it is more convenient for practical pur- 
poses to express the distribution function F(r) as a function of 
B. (Note that B = 0 when the material is fully saturated in 
one direction.) This function is shown, in Appendix 8.1, to be 


Br ) B= B 
——4 = 8 
F =F) = 004 tox (Gea | a (8) 
The variation of F with B/B,, is shown in Fig. 5. 
Fig. 5.—Variation of F with B/B,,. 
From eqns. (6) and (7), 
dB 
“dt oC EG, 7? H.) 
Let (H,,, — H,) = H, and let 
dBidt = X)FH . (9) 


Then Xo is a fundamental parameter of the material, depending 
on the velocity of the domain walls for a given field HY, on the 


density of the reverse domain centres p, and on the saturation 
flux density B,,,. 


(4.2.2) Constant Field Case. 


A case of particular interest arises when the applied field 
does not vary with time, so that v is constant. This corresponds 
to a step function of current applied to the core. 

Now r = vt, so that eqn. (5) becomes 


dA = Qrv-te— mrt 


dt 
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and therefore 
dB H,)°te~ kim HP? 
en a k (An, ihre 


=k te ae 


where k, is a constant depending on the saturation flux densi } 
and on the ratio of v to (H,, — H,), and k2 is a constan 
depending on the same ratio and on p. . 

This, therefore, is the form of the output pulse with a step 
current input, and it will be seen to be at least similar to thal 
observed waveform (Fig. 2). A detailed comparison of tha 
predicted and observed waveforms will be given later. 

The maximum value of dB/dt, which is, of course, proportiona; 
to the peak output voltage, occurs when F has its maximun 


value of unity. 


Therefore, from eqn. (9), 


a)... =X Ae 


Thus the value of Xj may be determined easily be measuring! 
the peak output voltage of a core for various currents, ane 
plotting a graph such as that of Fig. 3. 


(4.2.3) Switching Time. 


Egn. (10) shows that it takes an infinite time for the material 
to saturate completely. Any definition of switching time muss 


therefore be arbitrary. In the past, many workers have define 
switching to be complete when, with a step function of current 
applied, the output voltage has decreased to one-tenth of it 
peak value. This definition is obviously unsatisfactory, since Ti 
cannot be applied when the current is not constant during 
switching. A more logical way is to define switching to be 
complete when B/B,,, reaches some suitable value, which will be 
chosen, for convenience, to correspond to the instant when the 
output voltage has decreased to one-tenth of its peak value i 
the constant-current case. It is shown in Appendix 8.2 that, 
this time, | 
(12, 


and, in Appendix 8.3, that in the constant-current case th 
actual switching time is given by 


B/By = 0-978 . 
} 


By 


T= 1: : 
1 OT (13) 


It should be noted that the switching time thus defined is 
function of the applied current, and is not the same as th 
‘switching time of the material’—a term used when describing 
the properties of a material to be used for storage purposes. 
when the current is fixed by other considerations. 


(4.2.4) Behaviour of a Core. 


So far, we have considered the properties of the material ir 
bulk. Consider now a core of mean radius r and cross-sectiona 
area A. Let a current of ip ampere-turns flow through a single 
turn winding. Let the coercive current be i,, and let i = iy — i, 
In Appendix 8.4 it is shown that the peak output voltage pei 
turn, when i is a step function, is given by 


IE fe 
=== 


V, 


max 


Roi - (14 
where Ro = 2X A/r. Ro, which has the dimensions of resis 
tance, is obviously the slope of the line in Fig. 3. It also follow 
that Xo should be measured in ohms per metre (unrationalized) 


Hence, for a single core, eqns. (8), (9) and (13) become 


F(®) = OI tog (5-3) (m=) exes) 


d® : 
0) 
T=1-67— . 
Ri (17) 
_ The output voltage is therefore, in general, given vy 
f V = RoFi = Ri (18) 
yhere R= RF (9) 


‘ is implies that the current equivalent circuit for a core is as 
le cribed in Section 3.2, except that the fictitious resistor R. is 
ow variable, of magnitude R = RoF. It is suggested that the 
quantity Ro should be termed the ‘loss resistance’ of the core. 


4.2.5) Energy Required to Switch a Core. 


Bifa core is switched by a constant field H,,,, the energy required 
Tr unit volume is 
1 1 


eB Gy Pmtm =; qq ome ed) 


1 B 
= 7 Bn( He + 1:67—% ) , 
ae 1-67 XT from eqn. (13) 


1 1:67 B2 
5 4a Bm + 4n XT 2) 
The first term represents the hysteresis loss, and the second term 
he residual loss. 


‘ (4.3) Experimental Evidence 
4.3.1) General Experimental Evidence. 


The fact that a linear relationship exists between the peak 
foltage from a core and the input current (Fig. 3) supports the 
ubove theory, but it is necessary to show also that, with a step- 
unction input, the output voltage is of the predicted form 
eqn. (10)], and that, in other cases, the application of eqn. (8) 
fields the correct result. : 


4.3.2) Experimental Details. 

_ The experiment was carried out with 3mm cores in grade D2 
naterial. Two input windings and a ‘read’ winding (all of 
0 turns) were put upon the core. A ‘reset’ pulse of 2-5 ampere- 
urns was applied to one input, and a pulse of variable amplitude, 
vith a rise time of 0-2 microsec, to the other. The output was 
ipplied to a double-beam oscillograph, and the trace was photo- 
raphed. The voltage across a 100-ohm resistor carrying the 
urrent pulse was applied to the other beam. Fig. 2 is one of 
hese photographs. In this Figure the current appears to rise 
yefore the voltage: this is due to the delay in the amplifier, and 
Iso to the finite rise-time of the current and the coercive force 
f the core. The finite rise-time of the current also causes the 
oltage waveform to be concave upwards at the start, whereas 
he theory predicts that the voltage should rise almost linearly 
t first, and then become concave downwards. That this is the 
orrect explanation is clear, since the effect is only marked when 
he switching time of the core is comparable with the rise time 
f the current. 

The bandwidth of the amplifier, which is a limiting factor in 
his experiment, was greater on the ranges with less gain, so 
hat it was necessary to use rather a small trace on the screen 
nd, in doubtful cases, to photograph the same waveform with 
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different gain settings. The photographs finally selected were 
considered to be a fair representation of the true waveform, 
but owing to the small traces, the accuracy of the experiment 
could not be very high. 

The photographs were traced on to graph paper in an enlarger, 
and were measured. Fig. 6 shows the resulting traces taken 


VOLTAGE PER TURN, VOLT 


ie) 0:4 


0-8 1¢2 16 2-0 
TIME, MICROSEC 


Fig. 6.—Observed output waveforms (3 mm core). 


with input currents varying between 2-5 and 1-3 ampere-turns. 
(At the higher current, the switching time is comparable with 
the rise time of the current, and the lower current is only slightly 
higher than the coercive value.) A plot of peak voltage versus 
current produced values of Rp and i, for the core [see Section 
(4.2.4)]; the area under the curves gave ©,,. 

The curves were then normalized by multiplying the voltages 

0-428 3 €\ Rolin — i.) : 

ty nestaieare i 2 \ LOMO (Oye 

, Rolo 1, and the times by mh ( 4) ©, (0-428 being 
the peak value of the function xe~’). If the theory is correct, 
all the normalized curves should fit the function xe~**. Owing 
to the finite rise-time of the current, with the resulting error at the 
beginning of the output waveforms, it was necessary to take as 
the origin of the time axis the instant when the voltage reached 
its maximum value. The results are plotted in Fig. 7, together 
with the function xe~*’. It will be seen that the discrepancy is 
greater for the initial voltages, and especially at the larger input 
currents, which is almost certainly due to the current rise-time. 
The scatter of the curves amongst themselves is within the limits 
of the experimental error. 

It will be seen from Fig. 7 that the observed voltage wave- 
forms fit the theory reasonably well, allowing for the limitations 
mentioned above. There appears to be a tendency for the 
observed values to be less than those predicted in the region 
x =1. This may be due to overshoot on the part of the 
amplifier, but it may be a genuine effect. When the input 
current approaches the coercive value, the agreement is not so 
good. This is probably due to higher-order effects not taken 
account of in the theory, which one would expect to be more 
noticeable when the current is only slightly greater than the 
coercive value. 


(4.3.3) Currents other than Step Functions. 

That the theory still holds when the current applied to the 
core is not a step function can best be shown by loading the 
core with some impedance, the actual current applied then being 
the difference between the step function and the current drawn 
by this impedance. Fig. 8 shows the form of the output voltage, 
measured as in the previous case, with a 46-ohm resistor across 
one of the 10-turn windings. The current step was 164mA in 
10 turns. The theoretical waveform for this case, which was 
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Fig. 7.—Comparison of observed and theoretical waveforms. ft 


obtained by solving eqn. (15) numerically, using the Edsac, is 
also shown in Fig. 8. It will be seen that the agreement is 
reasonable. 

Fig. 9 shows the results of a similar experiment using a 
0-009 F condenser across 10 turns. 


(4.3.4) The Effect of not Switching a Core fully. 


The above theory has assumed that, before switching, the 
core has previously been saturated in the reverse direction. If 
it has only been partially switched in that direction, it is found 
that Rp is reduced when the core is subsequently switched 
forwards. The extent of this reduction cannot be predicted 
from the theory, but it has been examined experimentally. 
Fig. 8.—Output waveform with resistive load. A 3mm core was partially set by a current pulse of variable 


ROR Se ses ae amplitude, and the flux change which occurred was measured 
---- Calculated waveform. 
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Fig. 9.—Output waveform with capacitive load. P19 max 
Observed waveform. Fig. 10.—Variation of coercive current and loss resistance with flu 
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ith a Miller integrator. It was reset with current steps of 
arious known amplitudes, and the peak output voltage was 
measured at this time with a diode and condenser circuit 
followed by a slide-back voltmeter. (This method of measure- 
iment removes the uncertainty due to the poor frequency response 
of the amplifier when an oscillograph is used to measure peak 
voltages.) For each value of the flux change, the output voltage 
was plotted against the switching current to obtain values for 
Xo and the coercive current, i,. The values obtained are shown 
plotted against O/®,,.. in Fig. 10, from which it will be seen 
that Rp is directly proportional to the flux change. However, i, 
does not follow any such simple law, but it does exhibit a marked 
increase as saturation is approached. The scatter of the points 
in the i, plot is rather great, since i, is measured as the intercept 
on the current axis when the output voltage is plotted against 
ent, a method which does not lead to great accuracy. 


(5) CONCLUSIONS 


_ A quantitative theory has been presented which explains the 
Observed output waveforms from cores switched at high speeds. 
view of the simplifying assumptions made, it is not exact, 
t it is quite adequate to assist in the design of switching 
circuits, and the qualitative concepts contained in it will be of 
use to the engineer in understanding the waveforms that he sees. 
_ It is now apparent that the behaviour of these materials can 
‘be adequately described for most purposes by four parameters, 
namely: 


/ pt, = Residual permeability. 
B,, = Maximum flux density. (If py, is significantly different 
: from unity, B,, should ve the remanent rather than 
the saturation value.) 
H,, = Pseudo-coercive force as defined in Section 3.1. 
Xo = Loss parameter. 


_ The engineer designing circuits needs to know the values of 
‘these four quantities for the material that he is using, and the 
extent to which they are likely to vary between different samples. 
This information, other than the mean values of the remanence 
and the ordinary coercive force, is not at present obtainable 
from manufacturers’ literature. This situation is to be regretted, 
and it is hoped that it will be remedied in the future. 
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(8) APPENDICES 
(8.1) To express F(r) as a function of B. 


Naa dA _ dt dA 
dr dr dt 
ida 
© dt 
= 2mre—™e from eqn. (5) 
Therefore 


ig 
A= an | re—Tedr 
0 


= “Ii a av): 
p 0 


Since, when switching is complete, A = Ajax = 1/p, 


a se) Pres sages 
Amax By 

where B,, is the saturation flux density. 
Therefore e—mre = oer 

Bry 
whence mrp = log ( Bm ;) 

: ANG ey 

1 B 

so that = es, E ee) 
/ (7p) = Bn ae 


and the required function is 
F(B) = F(’) 
= Kre-™’e from eqn. (7) 


- imate) 
/ (7p) i By, = B. Bn 

K is an arbitrary constant. It is convenient to choose K so that 

the maximum value of F is unity. 


Le = 
ct Be y 
K 1 
Th F = ——~v/lo = 
dF K 1—2\log.y 
and 


dy  »/(mp) 2y*x/(loge y) 
For maximum F, log, y = 4, ie. y = ~/é. 


Therefore 
FE gtk 1 
max “ / (ap) »/(28) 
= 1 by hypothesis 


K 
—_- «= 2) 
so that ET 4/ (28) 


F(B) = Vesa] os ( aa )| (75 ue (8 


(8.2) To find B/B,, when the output voltage has dropped to one- 
tenth of its peak value, the input current being constant. 


and 


an 1 
At this time, F = To 
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8), putti Bm =y 
From eqn. (8), putting Pa 
1 _ o/(2¢ log: y) 
1007 y 
1 rr. loge y 
whence are ea 
which gives Vie 
and B/By, = 9-978 (12) 


(8.3) To find the switching time in the constant-current case. 


dB 
Eqn. (10) states that a = k,H7te —k2H? 12 


di 
2 
Therefore = = (k,H? — 2k,k,H*t jee 
For maximum = Ui ee) el 6 ere? 
: 1 
which gives i Hy/ Qk 
dB k, fef 
= 21 
Therefore a Ge ACB (21) 
dB 
But, from eqn. (11), =) = Xgl 
dt max 
k, 1 
= = 2D 
Therefore OR a/e Xo (22) 
Integrating eqn. (10), we obtain 
B= k,H? | te— halted 
0 
k 
=i (23) 
2 
From eqns. (22) and (23), 
Ba € 
Biaa nt 2k, (24) 


Switching is defined to be complete when the output voltage 
has dropped to one-tenth of its peak value, at which time, from 
eqns. (10) and (21), 


UT) he. 
‘10 \/(2kp) Ve 


wi 2te—koH? 
= k,H*te—” 


Therefore = 4/(k>)Hte ne 


1 
104/(2¢) 
= xe* 
where x = 1/(k2)Ht, so that x = 1-95, and the switching time is 
given by 
1:95 
V(ka)H 


2\ B 
= 1.95y/(2) im 
é) XH from eqn. (24) 


B 
= 1-672" 
XoH 


(13) 


(8.4) To calculate the output voltage of a core. 
It follows from Ampére’s theorem that 27rH,, = Arig. 
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Therefore H,, = 2io/r, and likewise H, = 2i,/r and H = 2ifi 


Let the flux in the core be D (PW = 0 for one state of saturation 


Then @® = AB 


1/dD _y 2i 
Egn. (11) then becomes vibe = Xo- 
so that the peak output voltage per turn is 


Yee ~ (Fn 


Aaa 
a 


— Roi . . . . . ° d 4 


where Ry = 2X,A/r. i 
Note that if Xo is expressed in rationalized units, V,,.~, = Roi) 
where Ry = X)A/2zr. { 


Note* 


Since writing the monograph, I have come across a paper by} 
Haynes,t in which he performs a similar calculation assuming 
ellipsoidal domains rather than cylindrical ones. He thus 
arrives at an output waveform for the constant-current casé 
which is of the form x*e—**, as opposed to xe~**. The cylin4 
drical approximation is more likely to be correct if the ellipsoi ds 
are so eccentric that their major axes are large compared withi 
the dimensions of the grains of the material whilst their mino: 1 
axes are still small. The ellipsoids are then truncated by the 


grain boundaries and therefore approximate to cylinders. 


Fig. 11 


(a) 2:83x2¢—1-89"3 
(6) xe-2* 


Fig. 11 shows the two curves, normalized to have the same 
area and the same peaking time, and I think it will be agreed 
that the curve for xe~*? appears more like the shape of the 
observed output waveforms, as shown in Fig. 7. One therefore 


deduces that the ellipsoidal domains must be highly eccentric 
indeed. 


* The note was received 24th July, 1959, 


| Haynes, M K.: ‘Model for Nonlinear Flux Reversals of Square-Loop Poly- 
crystalline Magnetic Cores’, Journal of Applied Physics, 1958, 29, p. 472. 


1.372.6 : 621-52 


(The paper was first rec 


SUMMARY 


| It is shown that the various stability criteria for linear systems can 
lie conveniently obtained, and interrelated, by means of continued 
wactions. A new canonical form for a Hurwitz polynomial as a 
oduct of continued fractions is also given, together with an alternative 


et of determinantal criteria with determinants of about half the order 
of the Hurwitz determinants. 


(1) INTRODUCTION 


| As is well known, the question of the stability or instability of 
i lumped linear system reduces to a consideration of the position 
yi the zeros of a polynomial in p, the complex frequency, on 
he complex p-plane. If all the zeros lie in the left half p-plane, 
he system is stable, otherwise it is unstable. The various 
stability criteria express the restrictions on the coefficients of the 
farious powers of p in the polynomial, corresponding to the 
estriction of its zeros to the left half-plane. Routh!»2 was the 
arst to derive such a set of stability criteria. Later Hurwitz? 
ndependently obtained the result in another form.* Alternative 
derivations of the Hurwitz determinantal criteria have been given, 
or example, by Orlando* and Schur.> 


— (2) THE FUNDAMENTAL PROPERTY OF HURWITZ 
POLYNOMIALS 

- The fundamental property of Hurwitz polynomials, namely 
shat the zeros of the odd and even parts are simple, purely 
maginary and separate one another, was first shown by Routh,!? 
Dy using a theorem of Cauchy. It can, however, be demon- 
strated more simply as follows: 

let f(p) = ag taptap?+...+a p". . . (A) 
Where dp, a;, . . . a, are real, and consider the phase of f(p) when 
> = jw and w isreal. [If all the zeros of f(p) are in the left half- 
plane, the increase in phase of f(p), as w increases from —0°O to 
+00, is mz. If i zeros of f(p) lie in the right half-plane, the 
corresponding phase-increase in f(p) is (n — 2i)7, since, as w 
increases from —©O to +00, a phase increase of 7 is contributed 
by each left-half-plane zero and a phase decrease of 7 by each 
right-half-plane zero. Thus a polynomial whose zeros are con- 
fined to the left half-plane might be styled a ‘maximum-phase 
polynomial’, since such phase increases would then be a maxi- 


mum for polynomials of given degree. 


w — aw? + aw —. 


Now tan [phase f(jw)] = =! (2) 


' 9 — aw? + aywt —... 
and, bearing in mind the properties of the tangent function, it is 
svident that a phase increase in f(jw), of either nm or —n7 for 
an increase in w of from —® to +00, implies that the zeros 
of both numerator and denominator in eqn. (2) are real, simple 
and separate one another, and conversely. The phase increase 
n f(ja) will be nm or —n7 according as a, and dp (or a,_; and 
4,) have the same or opposite signs. 
Thus the necessary and sufficient conditions for a polynomial 


_%* For this reason, a polynomial where zeros are confined to the left half-plane is 
sften referred to as a Hurwitz polynomial. 
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with real coefficients to have its zeros confined to either the left 
or right half-planes are: 

(a) The odd part of the polynomial should have a simple zero 
at the origin, and simple zeros distributed in conjugate-complex 
pairs on the imaginary axis. 

(6) The even part of the polynomial should have simple zeros 
distributed in conjugate-complex pairs on the imaginary axis, 
interlacing with the zeros of the odd part. 

If, in addition, a, and ap (or a,_, and a,) have the same sign, 
the polynomial is Hurwitz, otherwise anti-Hurwitz.* 


(3) THE CONTINUED-FRACTION TEST FOR STABILITY 
AND SOME APPLICATIONS 


(3.1) The Continued-Fraction Test 
It has been shown by Guillemin® (and from a rather more 
general point of view by Wall’) that continued fractions can 


provide a neat test for the Hurwitz character of a polynomial. 
Thus if 


a,p" +a, 2p" 7+... 


= A 3 
$(p) Sere a (3) 
1 
= &)p =F 1 (4) 
Byp + i 
— 
ae Bop one 


the original polynomial, f(p), will have its zeros confined to the 
left half-plane if all the «’s and f’s are positive; if any are 
negative then one or more zeros lie in the right half-plane. 
When 7 is even, ¢(p) is the ratio of even to odd parts of f(p) 
and inversely when n is odd. In general, when z is even, there 
are n/2 «’s and n/2 f’s, and when n is odd, (n + 1)/2 «’s and 
(n — 1)/2 B’s. Premature termination of the continued fraction 
in eqn. (4) is, by Euclid’s algorithm, indicative of a common 
factor between the even and odd parts of f(p) and is inconsistent 
with f(p) being Hurwitz. 


(3.2) Connection with the Hurwitz Criteria 
The following expressions, giving the «’s and f’s of eqn. (4) 


in terins of the a’s of eqn. (3), can easily be obtained and have 
been given in References 8, 9, and 10: 


+ 


Xi 
Gn-1 
ze Qn—1 es) 
Br Ao/an—1 A, 
z, — Aglan—1 AY 
> AGJA, — AYA 
AA, _ _A3 mea 
Po = RAIA; BoAg 


rp Ao»! Aoi—-3 a Abi—2 

P Aai-ifAgi-2 — Aoi—sAAai—1 
= Agi 1/Aai—-2 _ AS i_1 
; AoifAi—1 Ay; -2Ax J 


* An anti-Hurwitz polynomial is one whose zeros are confined to the right half-plane, 
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Geoqm Gn 
where Ay = a1, Az = ye j ae 
An—1 AIn—3 4n—5 
A; =| Gn G—-2 G-4 
0 An—1 In-3 
Qn—1 In—3 %n—5 Un—-7 
Qn 4n—2 U4 an—-6 rs (6) 
0 Qn—1 4n—3 G-5 +: 
A, wae 0 Qn An—2 G—4 
0 O 4-1 %-3-- 
0 0 (he, Gh 
0 0 OMG esi eek 


A; is an ith-order determinant. The determinants A will be 
recognized as the Hurwitz determinants.* 
From eqns. (5), it is evident that, for the «’s and f’s to be 
positive, 
Qn» Ay, As, As, 5 


A,, Ay, Ag, . . - must all be positive 


. . must all have the same oo 
and 


If f(p) is normalized so that a, > 0, this reduces to the usual 
form for the Hurwitz criteria, 


Ajo 0,81, 2, 3a act (8) 


(3.3) Connection with the Routh Criteria 
It can be seen from eqns. (5) that the condition for positive 
«’s and f’s is equivalent to the (m + 1) terms in the following 
sequence: 


Any In—1> NolQn—1, Az/A, Ag/Az, ... An/An—1 (9) 
all having the same sign. 
Since AnlAn—1 = 4% (10) 
sequence (9) can be rewritten 
Any An—1, Az/n_1, Az/Ag, ... A,—1/An_a, a9 . (11) 


This is the second form of the rule given by Routh (see 
Reference 2, Article 301), in which he gave a simple method of 
calculating any quotient, in the above sequence, from the pre- 
ceding. The first form of Routh’s rule (see Reference 2, 
Article 297) is, in effect, a method of drawing up the triangular 
array of coefficients of the various powers of p in the successive 
divisors used to obtain the continued fraction in eqn. (4). 


(3.4) A Canonical Form for a Hurwitz Polynomial 


For concreteness, take the case of a polynomial of the 4th 
degree, and consider the expression 


1 
F(p) = f[l+apt+ 


Cop + 


(12) 


F(p) is a quartic polynomial with constant term equal to unity. 


F(p) = F,(p) + F,(p) . (13) 


* Except that Hurwitz wrote his original polynomiial ajx” + ajxn-1 4... aT 


Writing 
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where F,(p) is the even part of F(p) and F,(p) its odd part, w 
have 


Fy(p) = fap + 7 
C2)p = 1 
+ in 
3P Cap 
i 
Cop + i (esp et — )(c4p) et 
p+— fe 
? C4Dp 
1 
and = Fx(p) = [op + ~ \ (esp + =p) (ea?) (l 
BDI on 
Thus the ratio of even to odd parts of F(p) is 
1 
cp + i gots (163 
op + i 
NS 
3P CaP 


Hence, by the continued-fraction test, F(p) will be a Hurwi 
polynomial provided that c;, c2, ¢3, c4 > 0. 
Similarly, the expression 


1 
1+e¢p+ i 
2p + ee - 
Co 
BAe oi 
1B 1 
CnP 
1 1 
— 
Cop + ep + 3P Cap = 
pas eel | 
+ — + | 
Cp CrP 


J 


4 


1 
- (CoP + =m?) 
is a Hurwitz polynomial of the nth degree, provided that 
6. Of LVS (18: 


Co, 4 normalizing constant equal to the constant term, can have 
any value. 

The canonical form of a Hurwitz polynomial, given b 
Biickner,!!> !? can be easily obtained from the form given he 
For example, for a quartic polynomial with constant term equ 


to unity, we have, from eqn. (12), | 
. 


Fp) = 
1 | 
i+ eyp =—+8 0 0 
Cop + i 
C3) 7 = 

C4P | 
0 Cop + i ==) 0 

C3Pi nine 

C4P 
0 0 e3p + Hs —f 

C4P 

0 0 0 C4P 
(ig 


with Ci5 Co, €C3,.C4 > 0 


AN Aer anpleae 
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fking Ist column ++ 1 endian determinant, which is Biickner’s form. Thus, for the fourth order 
Ks ; case, 
| Cop + 
f: 2 nee cp —1 0 a 

C4D 1 cp —l1 O 
ie 0 -1 ep —1 
ig : pied 1 i |0970) stoec, p (21) 
a column + = 3rd column and finally ep + 1 op 1 0 

é cp + — na 8 To3p 4 
C4P SsPirh C4P OPoMEA Cap 
4 ‘ and 
3rd column + Gd x 4th column, the determinant ineqn.(19) |cyp —1 0 0 Pe ee. LCD Oe OU 
: 1 ep —1 0 fg ig ce 1 cop —1 0 (22) 
s transformed into O 1 csp —1 a i 0 1 csp —1 
: 0-01 ep eae Ot 0 el ve 


j ear. ota. 


1 (& = 1 0) 

: si (20) 
E 0) 1 C3)p == 1 

2 0 Of. segp 


which is Biickner’s form. 


(3.5) An Alternative Set of Determinantal Criteria obtained 


from the Continued-Fraction Expansion 


The following expressions for the «’s and f’s of eqn. (4) can 
be obtained from first principles or by condensing the Hurwitz 
determinants, as shown in Appendix 7.1. 


2 
: ce : : a D 
Alternatively, Biickner’s form can be obtained directly from a = = z B= a ] 
the continued-fraction test in two stages. First, write the con- | 2 
tinued fraction as the ratio of two continuants,* one of which D3 ne Dt 
will be the odd part and the other the even part of a polynomial. Coy DD; 2= DD, ee) 
Secondly, write the sum of these two continuants as a single 
* See, for example, Reference 13. sae bees en DBs 4 
i i 
Dy;—3Di-1 Dyi-2D>i | 
Qn—1 4n—3 
where D, = a,,_ Dy =|" 
1 n—1 Qn a 
Gn-1 Gn 3 
D3 = a a 
— n—4 
LTS (Qe ahes y 
n’n—3 n’n—S§ Gee O25 
G,—1 In—3 G@n—1 %n—5 
Qn Qn 2 an Qn —4 
D4 = 
Q&—1 4n—-5 GQn—-1  %G-7 Qn—3 In-5 
an Gn—4 an Qn-6 Q,—-2 1-4 
Qn-1 a —3 G5 (24) 
Qn—2 %—4 Qn—2 %-6 
Qj An— AyAn—7 + 
Dig Upsapiee memes i Q&n—1 %n-3 NG, Oy es 
a,-2 %—6 G&n—2 4&n-8 G-4 In—6 
CNG ae 
Et 2c. el ” Qn—-1 4-5 sone? Q&n—{ In—7 Q&—3 4n—5 
Gn-1 a,—3| Q&—1 4&n—5 Qn—-1 %G%-7 
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Q&n—1 %n—-5 Qn—1 %—-7 an—3 %G-5 Q&,—1 4&n-9 Qn—3 U7 
sega an Qayn—4 an a&n—6 Gn—2 In—4 an ay, —8 Gn—2 %—-6 
Qn—1 G—71|  |9%n—-1 %n-9 Qn—3 In—7|  |@n—1 Gn-11 Gn—3 4n—9 Gn—5 G—7 
Qn G4n-6| In m-8 Qn—2 Ir—6| |% %-10 Gn—2 %—8 Gn—4 4-6 
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As with the Hurwitz determinants, the criterion for stability, 
with a, > 0, is 


D, > 0;1= 1, 2,3,...7 (25) 


For example, for n = 5, with a; > 0, the above stability criteria 
reduce to 


a4 ag 
aa >0 
a, > 0, >0 a3 ay 
as a asa 
5 93 Asa, AsAy + G4 a 
a4 a a4 ag 
as a3 as ay 
>0 
a4 Ag a, ao 
as ay a3 ay 
a4 ay a9 
AsA,  Asy agape a349| > 0 
a4 a 
asao a3do9 a,ao J 
(26) 
As before, the last determinant may be replaced by 
a>O0. (27) 


(4) SIMPLIFICATION OF THE SETS OF STABILITY 
CRITERIA 

Fuller!* has recently shown that about half the Hurwitz 
criteria can be replaced by much simpler conditions involving 
the sign of every other coefficient in the given polynomial. This 
result is obtained here using a theorem in continued fractions 
and is also applicable to the alternative set of determinantal 
criteria derived in Section 3.5. 

Consider first the case of n even. Let P be a polynomial in x 
of degree m — 1, and Q a polynomial in x of degree m, and 
suppose that the coefficients of the highest powers of x in P 
and Q have the same sign. Then 


1 1 
om ; a Mle wend exh 
Vix 4 i 
6, + | 
ROME Cea 
1 
pes 
Ym 4 


and it is shown in Appendix 7.2, Theorem 1, that the necessary 
and sufficient conditions for P and Q to have only simple real 
zeros, with the zeros of P interlacing those of Q, are that 

yet On d= 1,293, hn (29) 
If all the zeros of Q are negative then 5; > 0; every negative 6 
indicates a positive zero of Q. (This is proved in Appendix ieee 
Theorem 3.) Evidently, if y; > 0, the condition §; + 0 can be 
replaced by the simpler condition that all the coefficients in the 
polynomial Q must have the same sign. 
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Writing p* for x in eqn. (28), we have 


Poy 1 
= = : 
QW ) 1p? oe 1 
1 + ; 1 
YoR* + ae 
1 
Vin Pe + 
2 1 . 
or oo =yipt+ ; (31 
6p + 7 
Y2P at. 5 Dp =f | 
i i 
ye 


| 

Now, the condition that P(x) and Q(x) should have interlacit, 
negative real zeros is equivalent to the zeros in p of P(p?) an, 
Q(p”) interlacing on the positive imaginary and negatiy 
imaginary p-axes, and therefore to Q(p”) and pP(p”) being th 
even and odd parts respectively of a Hurwitz polynomial ¢ 
degree 2m. Comparing eqn. (31) with eqn. (4) it is seen tha 
for an even polynomial of degree n, the Hurwitz criteria can b 
reduced to 


Qn—1> A3, As, ane 


An» -An—22 An—4> + + 


us 3% ies 


; must have the same sign (32 
- 422, Ap 
In expression (32), the alternative set of determinants, D,, cai 
replace the Hurwitz determinants A,. 
Consider now the case of nm odd. Let X and Y be polynomial 
in x of degree m, and suppose that the coefficients of the highes 
powers of x in X and Y have the same sign. 


x 1 : 
Then yo i ; 3 
ri i 
Oyx + ; 
Te igre 
i 2 
Ym+1 


It is shown in Appendix 7.2, Theorem 2, that the necessar 
and sufficient conditions for X and Y to have only simple reé 
zeros, with the zeros of X interlacing the zeros of Y, and with 
zero of X the most positive, are that 


O;>0, 71, 2 ae) (3¢ 
If all the zeros of X are negative then ni > 0; every negative 


indicates a positive zero of X. (Appendix 7.2, Theorem 4 
Similarly to the previous case, if 0; > 0, the condition iS 


n be replaced by the condition that all the coefficients in the 
jolynomial X must have the same sign. 
z Writing p* for x in eqn. (33) we have finally 


5 PY(p?) 1 


‘% cm UPS i (35) 
F Op + 

‘2 ae ee” 

A a Op + 

‘ d 

é 1 

- OP ae : 

Nm+1P 


and the condition that X(x) and Y(x) should have interlacing 
negative real zeros [with the most positive zero belonging to 
X(x)] is equivalent to pY(p?) and X(p?) being the odd and even 
parts respectively of a Hurwitz polynomial of degree 2m + 1. 
‘Comparing eqn. (35) with eqn. (4), it is seen that, for an odd 
‘polynomial of degree m, the Hurwitz criteria can be reduced to 


PAL. 


Gn» Gn—1> G—35 G—S5> + 


x jew EG I 


..@,Q must have same sign } 


(36) 


“ Once again the alternative determinants D; can replace the 
Hurwitz determinants A; in the above. For example, for 
|n = 5, the set of criteria can be written 


and 


a4 az G4 ao 
4543} |45 U|/+9 |74 2)>9 
5 43 
a4 a an A P = . (37) 
Z as ay a3 ay | 


s, 44, A, 4g Must have the same sign | 


(5) CONCLUSIONS 


It has been shown that the various sets of stability criteria 
for linear systems, including the set recently given by Fuller,'4 
can easily be derived using some simple theorems in continued 
fractions. A method of condensing the Hurwitz determinants 
to about half their original order yields alternative sets of deter- 
minantal criteria. 

As pointed out by Fulier, this material on stability is intimately 
related to criteria for the realizability of two element-kind net- 
‘works and to the so-called aperiodicity criteria, and correspond- 
ing results exist in these latter fields. For example, the 
aperiodicity criteria could be written in continued-fraction 


1 0 F ; 

0 0 1 0 

0 (0) Q 0 1 0 
0 

0 

0 0 A, Ay-1 


—Qy GM —1 —4n—2 In-3 
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form and criteria for the realizability of an RC impedance could 
be written using the condensed Hurwitz determinants. 

Finally, it has been shown that a canonical form for a Hurwitz 
polynomial exists as a product of continued fractions. 
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(7) APPENDICES 


(7.1) Condensation of the Hurwitz Determinants A; 
Consider first the case of i even, and consider the result of 
premultiplying A; by the following determinant, of value 
(a, —;)!/?, in the usual matrix fashion: 


, 
+ i/2 rows 
1 0 i 
Gy A-1 } 
. \ 7/2 rows 
An—i+3 
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The resulting product is 


Qn—1 G—3 G5 
0 Gye y= Sn . ° . : : 5 . . . . . . . . . : . c 5 . ° . . . . i/2 


. . . . . . . . ° . . . . . . . . . . . . . . . . . 


0 : : Oana, . 
0 0 Gy—1 a, —3| Gn—1 An—5 G&,—-1 %-7 L 
: : : Gn Gn —2| an n—4 an an—6 
0 Q  [4n—1 8n—5} |@n—1 n—7 4n—3 In—-5 Gn—1 In—9 4n—3 4n—7 } , 
; ; ‘ Gn Gn—4| |4n an—6 Qn—2 4n—4 an an —8 Qn—2 In—6 i/2 
TOWS 
0 Q  |\4a=1 %=7! |Fn=1 Sn—-9 Qn—3 In—7| |4n—1 Gn-11 &n—3 In—9 4n—§5 In—7 
: WA! gree Gn 4 -6| |4n  %n—8 An—2%m—6| |9n %m-10|  |4n—2 9n—8 Qn—4 Gn—6 
- _~— ies vo < ———— 
i/2 columns i/2 columns 
and hence, for i even, A; is equal to D;, where 
| @n—1 In—3 G&,—1 %n-5 GQn—1 %2-7 4 
Gn an—2 an aQn—4 Gp an—6 
Gn—1 4&—5| |4%n—1 Gn—-7 Gn -3 val Q@n—1 %n—9 Q&n—3 G2—-7 
D Qn G&—4| |9n Gn-6 Gn —2 In—4 ap an—8 &n—2 6 
(i even) [ay —1 Qn-7 G,—1 %—9 GQn—3 G—7| |4n—-1 M-11 GQn—3 4n—9 Qn—5 4n—7 : % c 
|@n G,—6| |4n GM~-8 Gn—2 4n—6| |2n %—10 G&n—2 In—8 Gn—4 %y-6 
{ 


For i even, D; is symmetrical, and of order i/2. 


When i is odd, condensation of A; can be achieved by premultiplying by the following determinant of value (a,_ ,)@—/?: | 
el 0 5 : ; ‘ : , ; : ) 


Fav ea) tier soe 
0 0 0 0 1 0 . 
. G@ + 1)/2 rows 
0 : 1 
0 . a, —Q,_1 G—2 i 
. \ (i — 1)/2 rows 
0 0 GQ, —an_4 Qn -i+3 
G&, —4n-1 &_-2 —A~3 . Qn—i+1 J 
The resulting product is 
Gn-1 An-3 
0 4-4 %_3 
(i — 1)/2 rows 
0 A : d 4 Gn—-1 G,-3 
0 : F 5 0 an—1 ay,—~3 an—5 
a, =) a a a 
One 2 0 AGn—3 AnQ,—5+ x 2 Me 4 Op, 9 |e REE aan 
nN no G&n—1 In—5 
Gea ‘ 
Ope en Ons dan. geet ke ee ee Gn—2 In—8 Gn—4 An—6 (i + 1)/2 rows 
Gn—1 In—5 Gn —1 An —7 G&n—3 Ay 5 
L awe Pit = | 
a 


(i — 1)/2 columns (i + 1)/2 columns 


| 


For i odd, D; isYof order (i + 1)/2, and would be symmetrical if 
the elements in the first row were multiplied by An. 


iz (7.2) Some Theorems on Continued Fractions 
‘Theorem 1 

3 If P is a polynomial in x of degree m — 1, and Q isa polynomial 
in x of degree m, and the coefficients of the highest powers of 
x in ty and Q have the same sign, the necessary and sufficient 
conditions for P and Q to have only simple real zeros, with the 
zeros of P interlacing the zeros of Q, are that the coefficients Vi 
in the following continued fraction should all be positive: 


1 1 

Q = i ae ces (40) 
ye + <7 
ss One 
i 28 Se tbe 
; v2 b> ae 
“dl 1 
a 

Vx Ip ce 


_ m 


The necessity of these conditions will first be shown. 
The first two steps in the process of forming this continued 


fraction are 
1 


P 
Fee Te NE es ay (AN) 
Q Vix tr os 
Qi 1 
SAIS aes i (42) 
P P 
3 eae! 
| inp Q; 
Thus Q, = Q— Pyix (43) 
and P, = P —Q)6, (44) 


Q, being of degree m — 1, Py of degree m — 2 and y; > 0, 
since the coefficients of the highest powers of x in P and Q have 
the same sign. 

As only one zero of Q occurs between two adjacent zeros of 
P, Q must have opposite signs at adjacent zeros of P. But, 
from eqn. (43), Q; is equal to Q at zeros of P. Therefore Q; 
has opposite signs at adjacent zeros of P, and therefore Q, has 
one zero, or an odd number of zeros, between adjacent zeros 
of P. As the total numbers of zeros of P and Q, are equal, 
since they are of the same degree, only one zero of Q; lies 
between two adjacent zeros of P; the remaining zero of Qy lies 
either to the left of the most negative zero of P or to the right of 
the most positive zero of P. If the former, P and Q, have 
opposite signs at infinity; if the latter, P and Q, have the same 
sign at infinity. In either case the zeros of Q, are all real and 
simple and interlace the zeros of P. 

Now, from eqn. (44), Py is equal to P at zeros of Q,, and 
therefore exactly one zero of P, must lie between adjacent zeros 
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d thus, for i odd, A; is equal to D,, where 
Q-1 Qn-3 an—5 
aa Gn—2 An—4 a a 
n%—3 IpAn—5 + a ni pct ee ~2 “n—6 
Di= n—1 %—3 Gy —1 In—5 
; Py 
Giodd) | a.a,—5 GnQy—7 + fe 2An—6! gq. 4 [2-2 In—8 Qn —4 In—6 (39) 
n—1 %—5 Qn —1 In—-7 An —3 In—5 


of Q;, since the degree of P, is one less than that of Q;. Thus 
the zeros of P, and Q, are real, simple and interlaced. Further, 
as P and Q, have the same sign at infinity when a zero of Q, is 
the most positive, and opposite signs at infinity when a zero of 
P is the most positive, it follows, since P, is equal to P at zeros 
of Q;, that P,; and Q, have the same sign at infinity. Therefore 
the ratio P,;/Q, has the same properties as the original ratio 
P/Q, but the degrees of both numerator and denominator have 
been reduced by one. As the above argument can now be 
repeated with P/Q, and P,/Q; instead of P,/Q, and P/Q 
respectively, y2 must be positive, and hence by continual repeti- 
tion of the same argument, y3, y4, . . - VY must all be positive. 

By the same type of argument, which therefore will not be 
given in full, the sufficiency of the conditions in Theorem 1 can 
easily be demonstrated. Using eqns. (43) and (44), it can be 
shown that, if P,;/Q; is a function of the type considered in 
the theorem, P/Q will also be a function of that type, provided y, 
is positive and regardless of the sign of 6,. But as P,,_ ;/Q,—15 
equal to 1/(y,,x + 1/6,,), is a function of that type, so therefore 
are Py >/Qm--2 Pm—3/Qn—3 - - - Py/Qy, P/Q, which proves the 
sufficiency of the conditions. 


In the course of the proof of Theorem 1, the following theorem 
has also been proved. 


Theorem 2 

If X and Y are polynomials in x of degree m, and the coeffi- 
cients of the highest powers of x in X and Y have the same sign, 
the necessary and sufficient conditions for X and Y to have 
only simple real zeros, with the zeros of X interlacing the zeros 
of Y and a zero of X the most positive, are that the coefficients 
4; in the following continued fraction should all be positive: 


-- = a Seema) 
m+ 1 
O,x + 
BP aie 
1 
6.x + — 
bs Nm+1 


The following two theorems give methods of counting the 
number of positive zeros in the denominator polynomials Q and 
Y respectively. 


Theorem 3 

If in the continued fraction of eqn. (40) all the coefficients y; 
are positive, then the total number of the coefficients 6; that 
are negative is equal to the number of positive zeros of Q. 

The proof follows by an extension of the argument used for 
Theorem 1. From eqn. (43), it is evident that, since y; 1s 
positive, Q, has the same sign as P at negative zeros of Q, and 
the opposite sign to P at positive zeros of Q. Thus a zero of 


132 CUTTERIDGE: THE STABILITY CRITERIA FOR LINEAR SYSTEMS 


Q, lying between adjacent zeros of P will always lie to the /eft 
of the corresponding zero of Q if this is a negative zero, but to 
the right of the corresponding zero of Q if this is a positive zero. 
There are now three cases to consider: either all the zeros of Q 
are negative, or they are all positive, or some are negative and 
some positive. 

If all the zeros of Q are negative, the remaining zero of Q; 
(see the proof of Theorem 1) must lie to the right of the most 
positive zero of P, and hence 6, in eqn. (44) will be positive; 
also the zeros of Q, will all be negative. If all the zeros of Q 
are positive, the remaining zero of Q, must lie to the left of the 
most negative zero of P, and hence 6, in eqn. (44) will be 
negative; also the zeros of Q, will all be positive. If some of 
the zeros of Q are negative and some positive, it is impossible 
to state definitely where the remaining zero of Q, lies and what 
the sign of Q, is at infinity. However, if Q; does have the same 
sign as P at infinity, then 5, in eqn. (44) will be positive, and the 
numbers of positive zeros of Q, and Q will be equal. Whereas, if 
Q, has the opposite sign at infinity to P, then 6, in eqn. (44) will 
be negative, and the number of positive zeros of Q, will be one 
less than the number of positive zeros of Q. As the argument 
can now be repeated with Q>, Q;, . . . Q,,-4, it is evident that 
the number of positive zeros of Q is equal to the number of 
the coefficients 6,, 5,,... 5,, that are negative. 


In the course of the proofs of Theorems 1 and 3 the following 
theorem has also been proved. 


Theorem 4 

If in the continued fraction of eqn. (45) all the coefficients 6; 
are positive, then the total number of the coefficients 7; that are 
negative is equal to the number of positive zeros of Y. 


(7.3) Complete Expressions for the Stability Criteria using the 
Condensed Hurwitz Determinants 


Given below are complete sets of stability criteria for values 
of n from 1 to 8. They are developed from eqns. (32) for n 
even and from eqns. (36) for z odd, using the condensed Hurwitz 
determinants. The criteria represent the conditions under which 
a polynomial with real coetficients 


Ap) lay lap ei aspe tn! ays p= ea 
has its zeros confined to the left half p-plane. 
(a) n= 1: ay, ag must have the same sign 


(6) n= 2: a, a;, ay must have the same sign 


(©) 2 = 32 | a : 

a, > 0; 43, a, do must have the same sign 
Gn 42a, ay 

ive ar Ao| |, 44, 43, 42, Ag Must have the same 

a3 ay sign 

(e) tS: a4 az a4 Ao 

G5 43| |45 ay a4 a, 

a4 A ay a a5 3 é 

45 | |a3 ay 


as, 44, Az, Ay Must lave the same sign 


(f)n=6:| as a3 a 
a4 ay aa a a 
Ci 7 Da a A ie ; 3 lamas 
5 | 145 41)|> | aga, aga + | | 
5 43 
a4 AD aa 
Aga, - 2 A 
5 aA a3 ay 


Ag, 45, 44, A2, Ag Must have the same sign 


(g) p= We ag a4 ag 4 ag Ao 
a7, as a7 a3 az ay 
ag a2 a6 Ao a4 az a4 ag > 0 
a7 a3 a, ay as a3 as ay 
ag Ao a4 Ao az Ao 
a, a as Oy G3 4y\ | 
ag 44 ag a2 
a7 a5 a7 a3 a6 a4 = 6 
a a| |dg A a4 a, a7 as 
a7 a3 a7 ay as a3 
7, 46, 44, 4z, Ay Must have the same sign 
ins: 
a as a3 ay 
; ag a4 ag a2 ag Ao 
aga aga a,Qa 
SLR nk i Poe ety 1G, a, a, 
ag a2 ag 4 a4 az Q4 Ao} | > 
as mami sf Se be Os Mads G 
qa 3 Gi sail Sts fee | 
daca |a¢ a a4 Ao az ay 
oF |a7 a a5 a a3 ay 
az as a3 
ag a4 ag az 
aga aga aga 
85 843 a aq As 341 #5 a; at, 
ag a ag a aga 
ag a3 aga, ae Gn? 6 “0 4 “2 
az a3 az ay as 43 | 
ay as 
ag a Og G5, Ge, Gy. Goa 
ag as a, a3 a Si. Maat adi} 6> do 29 "0 " 
az as must have the same sign 


It_will be noted that, where a number of determinants occur 
in one set of criteria, e.g. when n = 7, the various determinants 
are successive minors with respect to the elements in the last 
row and last column. Thus if D is the highest order determinant 
in (g), the other two can be written as D3; and D3355. By 
repeated use of Jacobi’s theorem (see, for example, Reference 13) 
it can be shown that the three determinants in the set can be 
taken, more generally, as D, D,; and Di; where i, j are selected 
from 1, 2, 3. In this case, therefore, the set of determinantal 
criteria can be expressed in a total of six different ways. Similar 
results apply to each of the other cases. 

The non-determinantal members of each set of criteria can also. 
be varied somewhat from those given above. Two possibilities. 
have been given by Fuller,!* and various others can be obtained 
by using either of these in conjunction with the determinantal 
members of the set. For example, when n = 5, the condition 


As, 44, An, Ay Must have the same sign 
can be replaced either by 


as, 43, Az, Ay Must have the same sign 


or as, 43, 1, Ay Must have the same sign 
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SUMMARY ; 
i. Breakdown voltages have been measured with and without the 
pation from 0-5 mg of radium. Spheres of diameters 2 to 25cm 
were used and some experiments were made with parallel-plate elec- 
trodes. The irradiation lowered the breakdown voltage by as much 

as 4%, in some circumstances. A maximum effect was obtained with 


a particular gap length, and this length depended on the size of the 
sphere electrodes. 


“ 
] 


a (1) INTRODUCTION 

_ The influence of irradiation on the impulse breakdown voltage 
een ay in air has been studied by various workers.!-4 
‘The methods employed for irradiation have included*® radio- 
‘active materials, mercury arcs and subsidiary sparks or corona 
‘discharges. An extensive summary of the results can be found 
‘in a paper by Meek.! ; 

However, little information is available concerning the effect 
‘of irradiation on gap breakdowns with direct or alternating 
voltages. Whitehead and Castellain’ studied qualitatively the 
effect of irradiation from a carben arc with alternating voltages 
‘and they reported a small reduction of the breakdown voltages. 
- Edwards and Smee,® using 50c/s alternating voltages and 
-1-3cm-diameter spheres, showed that the breakdown voltage for 
an unirradiated gap of 0-5mm was variable from day to day. 
Values were obtained as high as 80% in excess of the correspond- 
ing breakdown voltages with irradiation. The difference was 
reduced as the gap length was increased. Similar results on d.c. 
were reported earlier by Klemm.” 

Recently Hardy and Broadbent!® studied the effect of irradia- 
tion on the gap between 2cm-diameter spheres. With gaps up 
‘to 0-5cm they reported that the presence of radium did not 
appreciably change the direct breakdown voltage. However, a 
‘decrease of over 2% was recorded for a gap of 0-8cm, but no 
‘attempt was made to explain this effect. 

The purpose of the present work was to establish whether 
‘it is necessary to use additional irradiation in accurate direct or 
alternating voltage sphere-gap calibrations. Other factors influ- 
encing the breakdown voltage, such as humidity, temperature 
and pressure, were carefully measured and the clearance of 
nearby objects was adjusted in accordance with B.S. 358." 

The results indicate that the irradiation effect varies with the 
sphere spacing, and consequently with the breakdown mechanism 
involved. 
~The mechanism of breakdown in air between sphere electrodes 
depends on the air-gap length. Two mechanisms are suggested 
by Loeb and Meek.!2:!3_ In short gaps at the minimum break- 
down voltage an electron avalanche travels across the gap from 
cathode to anode. In longer gaps the field is non-uniform and 
an avalanche does not cross the full gap since the voltage 
gradient in the middle of the gap is too weak to cause ionization 
by collision. High gradients will be present near the surfaces 
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of electrodes, and when one electrode is earthed the higher 
gradient will occur at the high-voltage electrode. Thus the 
breakdown will be initiated near that electrode. At the break- 
down voltage, Meek! proposes a gradient sufficiently high to 
give a transition from an avalanche to a streamer, which in turn 
propagates across the gap to form a conducting filament between 
the electrodes. A transition point or critical sphere-spacing is 
then expected, below which one mechanism applies and above 
which a second mechanism operates. Toepler!*:!5 has shown 
that the experimental breakdown curves for sphere-gaps can 
be matched by two empirical curves, and that there is a dis- 
continuity in the slopes of the two curves at the point of 
their meeting. The sphere spacing at which the discontinuity 
occurs depends on the diameter of the sphere. Claussnitzer!® 
has studied this phenomenon in detail for spheres of various 
diameters. He found that at gap lengths up to 0-5d,, where d, 
is the gap length corresponding to Toepler’s discontinuity, the 
breakdown voltage of sphere-gaps corresponded closely to the 
uniform field breakdown. Between 0-5d;, and d;, the breakdown 
voltage was higher than that of a uniform field, while above d, 
the breakdown values were lower than those for a uniform field. 
An interpretation of Claussnitzer’s observations has been made 
in terms of a transition from one mechanism to another by 
Meek!? and also by Jgrgensen.!7 


(2) APPARATUS AND MEASUREMENT PROCEDURE 


(2.1) Gap Arrangement 


The 2-0, 6:25 and 12:5cm-diameter spheres were mounted 
with a vertical axis and the lower sphere was earthed. The gap 
assembly was enclosed in a chamber 8 x 8 x 10ft tall, with 
clearances to neighbouring objects in accordance with B.S. 358.!! 
The adjustment of the gap was effected by an electric motor 
controlled from outside the chamber. The setting arrangement 
was calibrated with block gauges and was found to be accurate 
to +0:1% for spacings above 0:5cm. 

The measurements with 25cm-diameter spheres and with 
parallel-plane electrodes were made in the normal laboratory 
atmosphere. The electrodes were mounted with the axis 
horizontal. The spheres were made of copper, with the excep- 
tion of those of 6:25cm diameter, for which both copper and 
aluminium were used. They were normally polished with metal 
polish and washed with ether. 


(2.2) Voltage Supply and Measurement 


The direct voltages were derived from a Cockcroft-Walton 
type of rectifier circuit. The input was supplied from a motor- 
generator set whose speed was stabilized to within -£0- 1%. The 
field of the generator was supplied from a constant-current 
source. The voltages at the input and output points of the 
rectifying circuit were found to be stable to within +0° 19% of 
their mean values. The ripple superimposed on the direct- 
voltage output was less than 0-1% and was neglected. 

The direct voltage across the test gap was measured with a 
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‘resistance voltage divider and a potentiometer by comparing a 
known fraction of the total voltage with that of a standard cell. 
The resistance divider consisted of an oil-immersed wire-wound 
resistor and a standard decade resistance box. The h.v. resis- 
tance was 300-0 megohms +0°1%. 

In practice, and after the first trial breakdown of the test gap, 
the voltage was set to a value approximately 17% less than the 
expected breakdown voltage. It was then increased slowly by a 
fine control, so that the changing voltage could be followed by 
manipulating the potentiometer dials. A series of 20 break- 
downs was made and the mean value was taken as the breakdown 
voltage. The interval between successive breakdowns was about 
20sec. Preliminary investigations showed that when the gap 
was inside the test chamber no change in breakdown voltage was 
observed during the first 100 tests or so, but after a large number 
of tests the results became more erratic. Consequently it was 
a standard practice to clean the spheres after about 100 tests 
and provision was made for this, using a chamois leather from 
outside the chamber without disturbing the test conditions. 

When tests were carried out in the open laboratory it was 
found necessary to clean the spheres after about 50 breakdowns. 

The measurement of the direct voltage applied to the test gap 
was accurate to +0-2% of the true value. The measurements 
were consistent with each other for the whole investigation within 
+0:1% but in most cases of comparison the results were 
obtained over short periods of time and the measurement con- 
sistency was well within 0-1 %. 

An alternating voltage was obtained from the transformer 
used to supply the rectifying circuit. The output voltage was 
measured by a Chubb and Fortescue type of peak voltmeter 
which consisted of a standard compressed-gas capacitor and a 
high-speed relay which was used as a mechanical rectifier. The 
mean current through the capacitor was measured by a moving- 
coil microammeter. For comparative purposes the measure- 
ments are considered to be accurate to within +0:2%. 


(2.3) Irradiation Technique 


All sphere electrodes were hollow, and the gap was irradiated 
by positioning 0-5mg of radium inside the top electrode. The 
capsule was so arranged that it could be moved to the top of 
the shank (about 30in long) supporting the top electrode. The 
movement was effected from outside the chamber without dis- 
turbing the gap setting. Preliminary experiments showed that 
when the radium was moved back more than 15in from the 
electrode it had little effect on the breakdown voltage. Series 
of readings were taken alternately with and without the radium 
and usually the sequence was repeated several times. 

When experiments were made in the open laboratory, the 
radium was pushed through the hollow shank on the end of a 
rod so that it touched the inside surface of the electrode. It 
was removed after a set of readings was taken, without disturbing 
the gap setting. 

Preliminary work showed that the effect of irradiation was 
the same whether the radium was placed in the h.v. electrode or 
in the earthed one. The thickness of the electrode was about 
1-Omm. The ionization current in the gap was measured with 
an electrometer. For 12:5cm-diameter spheres 2-0cm apart 
and with 240 volts between them, the current was approximately 
3-3 x 10-!!amp; for 6:25cm-diameter spheres 2:0cm apart 
and with 240 volts between them, it was 3-1 x 10-11 amp. 


(2.4) Other Measurements 


The measured breakdown voltages were reduced to a standard 
barometric pressure of 760mm Hg and a temperature of 20°C. 
When tests were made inside the chamber the temperature was 
measured with a thermocouple and was accurate to 0:1°C. 
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The pressure was obtained from a barometer situated in the} 


laboratory. The difference between atmospheric pressure and 
the pressure inside the test chamber was measured with an oil- 
filled manometer and was added to the barometer reading. The 
humidity was controlled with chemical salts 
about 4:0mmHg vapour pressure. 


chemical salts. The measured relative humidities were correct 


within 2%. 


(3) RESULTS 


The actual breakdown voltages with unirradiated gaps) 
generally agreed within 1% of those quoted in B.S. 358 for | 
However, the results for small | 


negative unidirectional voltages. 


and remained at} 
It was measured with al 
dew-point hygrometer which was originally checked by measuring }} 
the humidities maintained by saturated solutions of various; 


1} 


spheres (2cm diameter) differed from the corresponding values} 
of B.S. 358 by as much as 3% in some cases, but agreed with) 
‘ Further work ; 
on sphere-gap calibrations is in progress and it is hoped to) 


those of Hardy and Broadbent! within 1%. 


publish the results later. For the present purposes the paper 


is concerned with the influence of irradiation, and only the? 


differences between the voltages for irradiated and unirradiated 
gaps have been considered here. 
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Fig. 1.—Effect of gap irradiation on the direct voltage breakdown of 


sphere-gaps. 


(a) 2cm-diameter spheres. 

(b) 6:25 cm-diameter spheres. 
(c) 12-5cm-diameter spheres. 
(d) 25-0cm-diameter spheres. 
(e) Parallel-plane electrodes. 


of the breakdown voltages when 0:5 mg of radium was inserted 


inside one electrode. 
effect increased with gap length, until a maximum effect was 
obtained at a fairly well-defined setting. Thereafter, in the case 
of sphere electrodes, the ionization effect decreased as the gap 
length was increased. The observed change due to radium 
was greater for spheres of smaller diameter. Furthermore, 
maximum ionization effect occurred at gap lengths which 
appeared to be a function of the sphere diameters or of the field 
distribution, as will be discussed later. 


Except on very small gaps the irradiation 


| The effect of irradiation with 2-0 and 6-25 cm-diameter spheres 
‘was investigated for gaps down to0-5mm. With 2-0cm spheres 
( he effect Increased considerably with very small gaps (0-5mm) 
which is in agreement with the early results of Klemm? and the 
results of Edwards and Smee.’ The results for 2:0 and 12-5cm 


‘spheres are reproduced in Fig. 2, together with the maximum 
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Fig. 2.—Dispersion of breakdown voltages. 


(a) 12-5cm-diameter spheres. 

; (6) 2cm-diameter spheres. 

_ Curves (a) and (6) are the same as (c) and (a) in Fig. 1. 

: | Arrow length gives maximum dispersion of breakdown voltages above the mean 
value for an irradiated gap. 

§ Arrow length gives maximum dispersion below the mean breakdown voltage for 
-an unirradiated gap. 


‘scatter observed in the measurements. As will be seen later, the 
irradiation effect for very small gaps can be related to the scatter. 
In the case of 6-25cm spheres the same effect occurred with very 
small gaps, but it was much less pronounced and the scatter was 
correspondingly less. 

The results shown in Fig. 1 were obtained for copper spheres. 
Measurements were also made with 6:25 cm-diameter aluminium 
spheres, and the results are plotted in Fig. 3 with the correspond- 
ing results for copper spheres. The irradiation effect was the 
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Fig. 3.—Effect of electrode material. 


O—O— Copper spheres, 6:25cm diameter. 
\--- X--- Aluminium spheres, 6:25cm diameter. 
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same in both cases within the experimental error, indicating that 
the effect was independent of the material of the electrodes. 
The corresponding mean breakdown voltages for copper and 
aluminium electrodes agreed within 0:5°%, the results with 
aluminium being slightly lower than with copper. 

The effect of irradiation with 6-25 cm-diameter copper spheres 
was also studied for alternating voltages, and the results are 
included in Fig. 4. They show similar characteristics to the 
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Fig. 4.—Irradiation effect for direct and alternating voltages. 


Sphere diameter, 6-25 cm; material, copper. 


(a) Direct voltage. 
(6) Alternating voltage. 


corresponding direct voltage results, but the effect was smaller. 
The peak value of the mean alternating voltage was within 0:5% 
of the mean direct voltage which caused breakdown. 

The effects of irradiation were investigated with direct voltages 
of positive and negative polarity. Tests were made with 6:25 
and 12-5cm-diameter spheres. The effect was found to be 
slightly higher for negative polarity, but the difference was small 
and was within the limits of normal scatter of the results. 
Negative polarity was used for the main experiments. 

The effect of irradiation was also investigated with direct 
voltage for gaps with small clearance. The radial clearance 
was reduced to 1:2 times the sphere diameter by enclosing 
the 6:25cm-diameter sphere-gap in an earthed metal cylinder 
of 6in diameter. The results are included in Fig. 6. The 
breakdown voltage for gaps larger than 1cm was considerably 
lower than that for the corresponding gaps with normal clearance. 
It will be noticed that the reduction of clearance shifted the 
maximum ionization effects towards the smaller gap length. 

Tests were also carried out in a mixture of approximately | part 
of argon in 10 parts of air by volume. In this case the ionization 
effect was the same as in normal air, but the corresponding break- 
down voltages were reduced by approximately 13%. 


(4) ANALYSIS OF RESULTS AND DISCUSSION 


(4.1) Scatter of Results with Very Small Gaps 


The rather large effect of irradiation under conditions of small 
sphere-spacing may be explained by considering the scatter of 
the results. The measured breakdown voltages of unirradiated 
gaps of less than 1-0mm were widely scattered (e.g. in the case 
of 2:0cm-diameter spheres and 0-5mm gap, the maximum 
scatter in a set of 50 readings was about +11% of the mean 
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breakdown voltage). It was found that with very small gaps 
the observed breakdown voltage depended greatly on the rate 
of voltage application. This effect may be attributed to the 
scarcity of electrons in the small gap. 

For a breakdown to occur, there is an effective volume of air 
in which the voltage gradient must equal or exceed the minimum 
gradient required to produce an electron avalanche by electron 
collision, and some free electrons must be present or appear in 
that volume while the voltage is maintained. As an example, 
consider that the effective volume is a cylinder of air along the 
axis of the gap. If the gap breakdown is to be within 4% of the 
minimum value for an 0:-5mm gap between 2:0cm-diameter 
spheres, the effective volume will be bounded by the axial 
cylinder whose side is approximately 4% longer than the shortest 
distance between the spheres. The radius of this cylinder is 
approximately 4:4 x 10-?cm and the length is substantially the 
gap spacing, so that the effective volume is about 3 x 10-4 cm?. 
Breakdown would occur if at any time at least one free electron 
was found in this volume, ie. if the average concentration of 
free electrons was greater than say 3000/cm?. In the absence 
of additional ionization, Geiger-counter experiments in the 
laboratory gave approximately 20 counts/sec/cm?. Considering 
that the mean free life of an electron in air is very short 
(~ 10~—sec) the voltage may have to be maintained for as long as 
2-3 minutes before breakdown occurs in the example quoted. 

The experimental scatter was reduced to a very small value 
when the gap was irradiated with radium. Thus, the initial 
large difference between the irradiated and the unirradiated gap 
was dependent only on the level of the ionization existing in the 
very small gaps. 


(4.2) Irradiation Effect with Moderate Gap Lengths 


When the gap was increased beyond the very small gaps 
discussed in Section 4.1, the irradiation effect also increased 
(see Fig. 1). The effect cannot be explained by reference to 
scatter of the measured breakdown voltages, and an analysis of 
the corresponding results for an irradiated and a non-irradiated 
gap shows that the extreme measured results of the two cases 
did not overlap. This is illustrated in Fig. 2, where the arrows 
indicate maximum and minimum scatters obtained in the investi- 
gations with 2:0 and 12-5cm-diameter sphere-gaps. Further- 
more, the voltage could be set below the minimum breakdown 
value for the non-irradiated gap and then the gap could be made 
to break down by slowly lowering the radium inside the upper 
sphere. 

The gradual increase of the ionization effect with gap length 
is difficult to explain. Assuming that Townsend’s mechanism 
applies in this region, there will be a continuous development of 
an electron avalanche maintained from behind by a secondary 
process. The latter is effective when it moves towards the 
cathode, and is most effective when it acts at the cathode itself. 
One or more of the secondary processes will depend on the 
nature and the geometry of the cathode.!® In the present case 
the possibility of a significant increase of ionization due to 
secondary effects with the material of the cathode surface may 
be excluded on the evidence of Fig. 3, which shows the same 
results for both copper and aluminium electrodes. 


(4.3) Gas and Space Charge Effects 


A more likely explanation of the increase in the ionization 
effect with gap length is the field distortion due to space charge. 
It is usually considered that space-charge distortion is likely with 
currents over 10-8 A/cm*. Approximate evaluations of the 


exponent in the equation for the gas amplified current i = Le “ee 


are given in Table 1. In the equation, i and ig are the total 
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Table 1 


APPROXIMATE CURRENT DENSITY FOR 2:0 AND 6°25CM 
DIAMETER SPHERES IRRADIATED WITH 0:5MG OF RADIUM 


[eat oe 


6:25cm spheres 


2:0cm spheres 


and initial currents respectively, x is the distance from * 
cathode (or across the gap in this example) and « is the Townsen 


x 1 
first ionization coefficient. The integral i adx was evaluateé 
0 


using Simpson’s rule from plots of « against gap length (e.g. Fig 
5). 

The initial current in the gap was approximately 3 x 10~1! amp 
Assuming the current to be uniformly distributed over one-half o: 
the sphere, in the case of 6:25cm-diameter spheres the initia 
current density was approximately 1-6 x 10-13 A/cm? and foi 
2-Ocm-diameter spheres it was about 5 x 10~!? A/cm?. 

The amplified current per unit area calculated for the measurec 
breakdown voltages is given in Table 1. The current increase: 
considerably with increasing gap length and exceeds the value 
of 10—-° A/cm? suggested above by a factor of several orders 0 
magnitude. 

This explanation would account qualitatively for the experi 
mental results with gaps up to the point where the irradiatiot 
effect was a maximum. It would not be simple to demonstrate 
the-effects quantitatively and precisely because, with the curve 
electrodes, the ion current density would vary with radia 
distance from the gap axis. 


(4.4) Gap Length for Maximum Irradiation Effect 


Some other breakdown mechanism may come into play whet 
the ionization effect reaches its maximum value (see Fig. 1) an« 
decreases with further increases of gap length. 

An analysis was made of the distribution of the ionizatio1 
coefficient, «, across the critical gap for each size of spher 
electrodes. This showed that the maximum influence of radiun 


Table 2 


DISTRIBUTION OF THE IONIZATION COEFFICIENTS ALONG THE AXI 
OF THE GAPS AT SPACINGS CORRESPONDING TO MAXIMUI 
IONIZATION EFFECT 


d 
aces en Emax | Emin | max | min | fo adx | a4 
0 
cm cm kV/cm | kV/cm 

2-0 0:80 | 41-0 | 27-2 60-0 5) 19:0)" 2328 
AA legs) 34-4 | 26:2 | 26-8 6:2 22-1 12:6 
1S 2°50 Sls ee bt 18-3 6-1 23-0 SE) 
25-0 3-50 : 61 29-6 85 


on the gap breakdown voltages occurred when the minimur 
value of a was approximately the same in all cases. 
The results are given in Table 2, where E is the voltage gradiet 


and OA is an average value for w. The field distribution along 
the axis of the gap was calculated from the expression!? 


pa APF +) + 4° — DIV 
[7+ 1) —4°(F — DP 


(Eee | 
4 


d = Gap length. 
y = Distance of the point under consideration from the mid- 


point on the line joining the centres of the spheres. 
r = Radius of the spheres. 


V = Potential difference between the spheres. 


where 


_ The above expression assumes that both spheres are isolated 
from earth, but Reference 19 (p. 27) indicates that the effect of 
f earthing one sphere would be small when d/r< 0-5 (e.g. the 
error in E would be about 0-5% or less, except for the 2cm 
spheres where it might be about 2%). In the case of the 2cm 
spheres the calculated values of E in the centre of the gap may be 
high, which would make « change to a higher value. 

The field distribution and the distribution of « along the axis 
_of the gap in the case of 6-25cm spheres at maximum ionization 
effect are illustrated in Fig. 5. The values of « used in plotting 
Fig. 5 and also for Table 1 are those of Harrison and Geballe.2° 
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Fig. 5.—Distribution of field strength and ionization coefficient along 
the axis of the gap. 


Sphere diameter, 6:25cm. ! ; ed 
Gap length, 1-75cm, giving maximum irradiation effect. 


Thus, at the gap lengths which gave the maximum ionization 
effect the field strength distribution and the distribution of « 
along the axis of the gap vary widely for different sizes of sphere. 
Nevertheless the minimum field strength in the middle of the 
gap was approximately the same in each case, and in air it was 
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about 26kV/cm. This gives an ionization coefficient of 6-7-5 
(see Table 2). If the attachment coefficient 7 is taken into 
account, the extent of ionization by collision processes will be 
dependent on the difference (« — y). This difference will be less 
than « by a factor of about 2 near the centre of the gap. In 
such a case a single avalanche is unlikely to traverse the full gap. 

An attempt was made to demonstrate that the gap which gave 
the maximum ionization effect depended on the distribution 
of « along the axis of the gap. The gap field was distorted 
by reducing the radial clearance with an earthed metal cylinder. 
This cylinder, of radius equal to 1-2 times the sphere diameter, 
was positioned concentrically with the gap axis to surround the 
gap. Fig. 6 compares the results of this arrangement with those 
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Fig. 6.—Influence of clearance from the gap to surrounding objects on 
the irradiation effect. 


(a) Normal clearance, as in Fig. 1, Curve (6). ' 
(6) Radial clearance from gap axis reduced to 7:5cm by an earthed cylinder. 


Sphere diameter, 6:25cm. 
Sphere material, copper. 


for a normal clearance for 6:25cm-diameter spheres. (It should 
be noted that in order to make an appreciable change in the 
field distribution of a small gap the clearance had to be changed 
to a small value.) 

Fig. 6 demonstrates that the irradiation effect with the dis- 
torted field followed a similar trend to that for a normal field 
distribution, but the maximum effect occurred at a notably 
different gap setting. The breakdown voltage for the distorted 
field was 2:5°% less than the normal value for this gap, from 
which it is inferred that the voltage gradient along the axis of 
the gap was less uniform than normal, as might be expected. 

When the field was less uniform, the ratio between the maxi- 
mum and minimum voltage gradient in the gap would be 
increased and the whole arrangement would tend to give the 
effect of smaller sphere sizes (see Table 2). In consequence, the 
gap which gave the maximum ionization effect would be less 
than for a normal field. It is assumed that the breakdown with 
a distorted field occurred when the minimum voltage gradient 
was about 26kV/cm. 

A further experiment was made to demonstrate the dependence 
of the gap length for maximum ionization effect on the distribu- 
tion of «. The effect was studied for a mixture of air and argon 
in the proportion 10:1 by volume. The gap length at which 
the maximum ionization effect occurred coincided with that in 
normal air, but the breakdown voltage was reduced by about 
13%. The presence of argon augmented the value of « con- 
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siderably, and consequently the minimum field strength in the 
middle of the gap required to give the minimum value of « was 
reduced below 26kV/cm. ; 

The gap lengths corresponding to the peaks of Fig. 1 may be 
considered as the critical lengths above which a second break- 
down mechanism begins to apply. In the region of ; the 
decreasing ionization effect either mechanism might be possible. 

The gap lengths with maximum irradiation effect (Fig. 1) were 
in the region between 4d, and d,, where dj, is the gap length 
corresponding to Toepler’s discontinuity. ; j c 

The values for d, as reported by Claussnitzer are given in 
Table 3. The values of d, for 6:25 and 12-5cm diameter sphere 


Table 3 


CLAUSSNITZER’S GAP LENGTHS FOR TOEPLER’S DISCONTINUITIES 
AND THE GAP LENGTHS AT WHICH MAXIMUM IONIZATION 


EFFECT OCCURRED 


Observed gap length 


Sphere diameter Toepler’s values _ for maximum 
irradiation effect 


cm 


0:80 


Te7s 
2-50 
3350 


electrodes have been interpolated approximately and inserted in 
brackets; the gap lengths for maximum irradiation effect are 
also given. The Table shows that these gaps become progres- 
sively closer to d, as the sphere size is reduced. 

Claussnitzer,'!* Hueter*! and Dattan?:?? reported an increase 
in the scatter of the breakdown voltages in the region between 
4d, and d,. The present investigation also showed a slight 
increase in scatter in the region where the ionization effect was 
decreasing. This greater scatter was least pronounced in the 
case of the smallest spheres, but was considerable with the larger 
spheres. This is shown in Fig. 2, where the largest scatter for 
2:0 and 12-5cm-diameter spheres is included. No explanation 
of the apparent difference in scatter for different sizes of spheres 
can: be offered at this stage. 

Finally, there was a difference in the irradiation effects with 
direct and alternating voltages. Fig. 4 shows that the shape of 
the curves is the same in each case, and that the same gap lengths 
gave the maximum effect. However, the magnitudes of the 
effect were different. This suggests that the magnitude of the 
effect may be dependent partly on the time of voltage application. 


(5) CONCLUSIONS 


The present investigations extend the available information 
on the influence of irradiation on the direct-voltage breakdown 
of sphere-gaps. Brief checks were also made with 50c/s alter- 
nating voltages. A study was made over a wide range of sphere- 
gaps with spheres of different diameters. This showed that 
0-5 mg of radium, suitably placed inside one sphere, lowered the 
breakdown voltage appreciably. A small reduction was also 
observed with parallel-plane electrodes (Fig. 1). The extent of 
the reduction varied with the electrode spacing for a particular 
size of sphere electrode. It varied also with the size of the 
spheres, and the greatest reduction was obtained with the smallest 
spheres. 

In all the cases (except when the parallel-plane electrodes were 
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used) the irradiation had a maximum effect with a particular 
spacing which was found to depend on the distribution of the 
ionization coefficient « across the gap. . 

It is suggested that this spacing defines a maximum gap leng ‘i 
below which one breakdown mechanism operates. When thes 
gap length is increased beyond this spacing, some other break+ 
down mechanism begins to have an influence. an | 

The spacing which gave the maximum effect of irradiation x 


within the range of gap lengths between 4d, and a. Meek! 


considers that there is a change from one mechanism to another 
in this region. 

The irradiation effect was comparatively large with very small 
gaps of 1mm or less, and this was due to scarcity of electrons te ( 
initiate the breakdown. The phenomenon occurred with direct, 
voltages, even when the time of voltage application was effective: yy 
several seconds, and it has also been noticed with alternatings 
voltages. With both small and large gaps it constitutes thes 
cause of the statistical delay for an impulse-voltage breakdown.) 

When the gap length was increased to 1-5 mm the radium hadi 
an effect which was smaller than that noted for very short gaps., 
Further increases in gap length resulted in an increasing radiumy 
effect, which continued to increase with gap length until thes 
maximum effect was obtained at a particular spacing as notedi 
above. The effect of irradiation in this range of gap lengthss 
may be explicable by considering the field distortion caused by 
small space charges. Thus, the longer the gap the larger wass 
the gas-amplified current and the greater was the distortion. 
Consequently, when radium was present there was a largeri 
initial ion current in the gap and the correspondingly large degreg: 
of field distortion resulted in a reduced breakdown voltage. 

In the region of gap lengths greater than that which gave the} 
maximum influence of irradiation, the ionization coefficient « ati 
the centre of the gap fell to a value less than 7-5. Thena different | 


d | 
mechanism is thought to come into play. The integral [ adx 


increases with gap length, and with it the distortion is likely to? 
increase, but the effect becomes progressively masked, possibly; 
by some secondary effect which may become prominent with} 
longer gaps. 

Finally, the investigations indicate that in specifying the? 
minimum breakdown for direct and alternating voltages it is} 
necessary to define carefully the level of initial ionization. | 
It is suggested in B.S. 358 that for voltages below 50kV | 
additional ionization should be used. This statement is clearly ’ 
msufficient. As is seen from the present work, the presence of | 
0-5mg of radium will change the breakdown voltage of! 
6:25cm-diameter spheres at about 50kV by more than 2°35 a 
and that of 12-5cm-diameter spheres at 70kV by more than 2%. | 
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SUMMARY 


The paper sets out a simple procedure of general application whereby 
any function represented by a power series may be replaced by a 
sequence of rational functions, the advantage of such representation 
being that in many cases the rational functions converge much more 
rapidly than does the series. It often happens that the rational-function 
form continues to represent the given function accurately for values 
of the argument which make the series form diverge. 

The procedure is illustrated with a worked example, and the method 
is then applied to determine a simple expression for the maximum 
electric intensity between two equal charged spheres, when the sphere- 
gap is small compared with the diameters. 


(1) INTRODUCTION 


Infinite power series occur in the solution of many engineering 
problems, notably in electromagnetism, and it frequently happens 
that over the range of values of most practical interest the series 
either converge very slowly or else diverge. 

The paper sets out a simple procedure of general application, 
whereby any power series may be replaced by a sequence of 
rational functions, the advantage of such representation being 
that in many cases the rational functions converge much more 
rapidly than does the series. When both forms of a given 
function are considered together, it frequently happens that the 
rational-function form continues to represent the given function 
accurately for values of the argument which make the series form 
diverge. 

The procedure to be described was developed by the author 
from first principles to sum a particular ill-conditioned series, 
but it would seem to be basically similar to a method first 
invented by Euler!” and later extended by Gauss, Stieljes+ and 
other mathematicians. The differences of the present treat- 
ment are considered in the conclusion. 

The result of the process may be illustrated by means of the 
following rational function (to be derived later): 


60x + 60x2 + 11x3 
60 + 90x + 36x? + 3x3 


For small values of x, the function may be converted into a 
power series by simple long division, giving: 


f(x) = 


(1) 


f(x) = x — 4x7 + 4x3 — 4x4 + 4,5 — 4,6 


(2) 


the first six terms shown being those of the series expansion of 
log (1 + x). For small values of x both expressions give the 
same result. For x = 0-1, for example, both give the correct 
value of 0-095 310 for log 1-1. 

The situation is quite different for larger values of x. In the 
first place there is a limit to the range of convergence of the 
power series which occurs for x = 1, and here the value of 
0-6167 given by the sum of the six terms shown in eqn. (2) is 
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but a poor approximation to log 2. The rational function, how- 
ever, gives 0:69312, which compares favourably with the correct f 
value of 0:69315. For x = 2 the power series diverges, whereas § 
the rational function gives 1-0980, a fair approximation to thes 
correct value of 1-098 6 (log 3). : 
Egn. (1) is ‘the rational function obtained from the first s 
terms of the power series given by eqn. (2). By taking different; 
numbers of.terms in turn, a sequence of rational functions is: 
obtained, and the advantage of the process is that the ranges off 
convergence of the series and the sequence are quite different and | 
frequently to the marked advantage of the latter, as in the; 


example. 


(2) DERIVATION OF THE RATIONAL FUNCTIONS 


The rational functions are most conveniently derived from the 
power Series in two stages. First, the power series 


f(x) = ayx + ax? + a3x3 + a,x* oe 
is replaced by the continued fraction 


bx 
A. w box 


Jee 


aie 
! b3x 


EER | (4) 


It is a simple matter to derive general expressions for the} 
b-coefficients in terms of the a-coefficients, but it is more satis- } 
factory to derive their numerical values individually for each 
particular series according to the method shown in Table 1. 


Table 1 
DERIVATION OF CONTINUED FRACTION FROM POWER SERIES 


In the body of the Table, the first row consists of unity in the 
left-hand column, and the second row the coefficients of the 
power series under consideration—here the logarithmic series 
is again chosen as illustration. The third row is obtained by 
dividing the second row by the coefficient of the first term in 
that row. The fourth row is obtained by subtracting the third 
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ww from the first and moving the new coefficients one place to 
the left. These two basic processes are then repeated alternately 
On successive rows. The b-coefficients of the continued fraction 
are the divisors shown to the left of the main Table. 

: The continued fraction for the logarithmic series is thus 


f(x) = — 


5 Ui re ee 


oa 
to*x 


ee 


y ‘ie ee ea) 
: 


_ In the second stage, the continued fraction is replaced by its 
Biicsssive convergents c,, Cp, ...C,, ..., Where the ath con- 
ergent c, is obtained by rationalizing the first n terms of the 
faction. The following recurrence formulae are readily derived 
y induction: 


A eye re epee OS (6) 
J A, = An—1 Te b,XAn_2 (7) 
- B,, = By-1 Te 5, xB,_2 lueh amsabaial 


with Ao = 0, Ay =e byx, Bo = By ate 

_ Eqn. (1) is the 6th convergent found from eqn. (5) in this 
manner. In general, however, it is more satisfactory to introduce 
numerical values before determining the convergents rather than 
to evaluate the rational functions. 


z Table 2 
~ RATIONAL FUNCTION APPROXIMATIONS TO Loc (1 + ~x) 
x=-2 


x= 1 x=2 


log 2 = 0-693 15 log 3 = 1-098 61 log (—1) =jz 


1 

0-67 
0-70 
0-692 
0-693 3 
0-693 12 
0-693 15 


2 

1 
1-14 
1-091 
1-101 
1 

1 

1 


Table 2 shows successive convergents for log2 and log 3 
derived from eqns. (5), (6) and (7). It is seen that convergence 
is rapid. 
(3) TESTS FOR CONVERGENCE 

Convergence of the rational functions depends upon the con- 
vergence of the continued fraction, since the derivation of this 
form from the original series is always legitimate. The general 
sroblem of the convergence of continued fractions is exceedingly 
somplex.5 A simple test of limited application is the following. 
The continued fraction will converge? if b,x > 0 and if the 


22 Fe 
series > 1/b,x is divergent. It so happens that for the 
n= 


ogarithmic series considered above a general expression for by, 
san be derived [b, = (n — 1)/4n if n is odd; b, = nl4(n — 1) if 
1 is even], and it is easily confirmed that eqn. (5) converges for 
ull positive values of x. a 

For most practical series, however, it is not possible to deduce 
1 general form of expression for b,, nor is the quantity b,x 
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invariably positive, so that the simple test for convergence is 
not applicable. 

Engineering problems are concerned with the values of specific 
continued fractions for one or more specific values of x rather 
than with the general analytical problem of convergence, and 
under these conditions the following very simple test may be 
used. It follows at once from eqns. (6) and (7) that, if two 
successive convergents c,_» and c,_, have the same value c, 
then c, and all following convergents have the same value c, 
which is the value of the function. In practical problems exact 
equality between two successive convergents cannot be expected, 
but it is sufficient to continue the calculation until the difference 
is less than the tolerable error. 

Reference to Table 2 shows that convergence is obvious for 

=landx=2. For x = — 1 it is clear that the differences 
between the successive convergents shown are 

=a hs ==l, —, aa —4, =; os DaUNo 

so that the sequence is divergent to —°O. This is the value of 
the corresponding function log 0. As a final example the values 
for x = — 2 are shown in Table 2. The logarithmic function 
now has an imaginary value, and this is indicated by the fact 
that successive convergents now oscillate. In short, it is believed 
that both convergence, which is normal, and non-convergence, 
which is very rare, will at once be apparent from the general 
behaviour of the sequence. 

It has been convenient to use the logarithmic series by way of 
illustration, but the process is of general application and a 
practical problem is now considered. 


(4) ELECTRIC FORCE BETWEEN TWO EQUAL SPHERES 


The sphere-gap is the standard apparatus for the measurement 
of high voltages, and a knowledge of the intensity of the electric 
field between the electrodes is of value. 

From an expression given by Dean’ for the voltage distribution 
between two equal charged conducting spheres of radii a and 
spacing 2d, the following expressions for the per-unit gradients 
on the line of centres may be found. A is a point on the electrode 
and B is the centre of the system. 


El = ‘(Vey -T)- . ga aaa 

Ey = 2 = Di ginepy i, eect ANG) 

where Ss > yr (10) 
eee C2 1) 

and Va ni - = c2 = d* — a’ (12) 


The S and T series converge rapidly for large values of the 
ratio dja, but the gradient is of most interest in practice for 
small air-gaps, that is for d/a, and hence y, close to unity. That 
both series are ill-conditioned for such values is best seen by 
considering a numerical example. 

Let dja =1-01. Thenc/a = 0-14177 and y = 1-:0732. The 
first terms in the S series are 


S = 13-660 — 12-707 + 11-800 — 10-942 + 10-128 (13) 


It is clear that the series converges slowly, and summation by 
conventional methods would be difficult. Routine application 
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of the rational-function approximation gives the following con- 
tinued fraction: : 


Ss 13-660 
1 0:93024 _ 
“ales 0-001 54 
0-925 
bic 1 0-004 
1+. (14) 
the corresponding convergents being 

13-7, 7-076, 7-072, 7-0740, 7-0740 (15) 


Convergence is beyond doubt, the sum of the series to five figures 
being 


S =7:0740 . (16) 
The first terms in the T series are 
T = 0:-48235 — 1:3417 + 2:0630 — 2:6518 + 3-1154... 
ee ee le) 
This series would appear to diverge. The continued fraction is 
T= 0-48235 
ee 2°7815 
faite 1-2439 
i 0-3118 
_ 90-0011 
ae (18) 
and the convergents are 
0:48, 0-13, —0-046, 0-0088, 0-008 8 (19) 


In spite of an initial oscillation, final convergence is again beyond 


doubt, since two successive convergents are equal. The sum of 
this series to the same scale as before is 
T = 0-0088 (20) 


From eqns. (8), (9), (16) and (20), the values of the per-unit 
gradients are 
E, = 1:0067 Ez = 0:9967 (21) 
The effectiveness of the rational function method in summing 
these difficult series, coupled with the fact that the final gradients 
are both close to unity, suggests that in this particular case the 
method might be used to derive power series for the gradients. 
Let y = 1 + €, where « is small: then from eqns. (10) and (11) 
it is possible to express the a-terms of the § and T series as 
power series in ¢. The results are shown in the top sections of 
Table 3. The expressions for S and T given in eqns. (10) and 
(11) may be converted into power series by the artifice of multi- 
plying each term inside the summation sign by x”. It is the coeffi- 
cients of powers of x which are given in the top sections of the 
Table. The b-coefficients of the continued fractions may then 
be derived as in Table 1. The results are given in the middle 
sections of Table 3. Finally with x = 1 the convergents of the 
continued fractions, shown in the bottom sections, are evaluated. 
The sums of the series expressed as power series in ¢ are therefore 


1 
S= 54 + te — te? + gee? — det + aye...) (22) 


te? — fe + et — Hed...) (23) 
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Table 3 


EXAMPLE OF THE APPLICATION OF THE RATIONAL-FUNCTION | 
APPROXIMATION 


S Series 


1= Ife 
a = —1fel — e+ 2e2/3 — whe +  ¢4/9 + 0e5) 
os = Hee =e Der -— —  ¢4/5 + 465/5) 
a4 = —1fel —3e+ 462 — Pe — 264 + 465) 
as =  1fe(1 — 4e + 2062/3 — 10€3/3 — 6264/9 ; 1265) 
ag = — 1fe(1 —5e+10e2 — 583 —17e4 + 2865) 

ae 

by = 1/e 
bo =1—e+ 22/3 — 8/3 + e4f/9 +085 
b3 = — ef3 + 263/3 — 294/45 + 465/15 
bg=1—e— 4e2/5 + 1323/5 
bs = — 1662/15 + 323/15 
b6 =1—e 
Cre 


co = 1/2e(1 + ef2 — 2/12...) 

cz = 1/2e(1 + e/2 — 22/4 .. 

c4 = 1/2e(1 + &f2 — &2/6 + 23/12 — 64/120...) 
cs = 1/2e(1 + e/2 — e2/6 + 23/12 — 74/180...) 
c = 1/2e(1 + e/2 — 2/6 + 23/12 — 11e4/180 <g €5/20) 


T Series 
a= 1/21—- ¢2+4+ /4— 63/8 + €4/16) 
ay = — 3/2(1 — 3e/2 + 3627/4 + 5263/8 — 2164/16) | 
a3= 5/21 — 5e/2 + 5e2/4 + 3563/8 — 115e4/16) ' 
a4 = — 7/2(1 — Te/2 + 7e2/4 + 10523/8 — 329e4/16) 
a5 = 9/2(1 — 9e/2 + 9e2/4 + 2313/8 — 71l1e4/16) 
by = a —e2+ 2/4 — ae pte €4/16) 
b2 = 34 —e +0e2 + eé4) 
b3 = — 4/30 —e + Se2/4 — 33/2 — 9¢4/4) 
bg= 1/30 —e +262 —3e3 — 3664) 
bs. == -60( + é4) 
ene 1/2 — eéf4... 
cz = 1/8 + ..81382. nz 
c3 = — 1/16 + 31e/128... 
Ge e/8 — £2/16 + 363/32 — 7164/64 . 
= e/8 — 2/16 + 363/32 + 89e4/64 . 


It is more convenient to express the results in terms of 8 rathe 
than ¢, where dja = 1+ 6. From eqn. (12), 


exa/pilh ¢ 45 tere 


Substitution of eqn. (24) into eqns. (22) and (23) gives the sun 
of the S and T series as power series in 6: 


S= 


(it eS = $8580 deli elon 4 


5 
T = oR 46 + AO?) (2) 


Half powers of 5 disappear inside the brackets in each seri¢ 
The multiplying powers expressed in terms of 6 become, fro! 
eqns. (8) and (9), 


| 


Ca) 9/(23)(1'43) bee oa 
=— 


= /(281 — 48 + #82). | 


so that the final power series for the gradients become 
By =sel 440 eet wl (29) 


Ez =1—48 + 467... (30) 
It follows that the rational-function method has been used to 
convert series which converge rapidly for large values of dla 
into series which converge rapidly for small ones, and that in the 
ourse of the conversion the nature of the series has been 
changed completely.®.? 


(5) CONCLUSION AND ACKNOWLEDGMENTS 


It would be easy to extend the number of illustrations of the 
application of the rational-function approximation method, but 
the examples given are sufficient to show its power and versatility. 
The author is grateful to Professor J. M. Meek for continued 
encouragement. He also wishes to express his thanks to Dr. 
‘C. W. Jones, who made a valuable criticism of the first draft of 
the paper and referred him to the work of Euler, Gauss and 
Chrystal. 

He is indebted to a referee for pointing out that the problem 
considered is an aspect of the ‘problem of moments’ and for 
bringing to his notice the treatises of Wall and of Shohat and 
Tamarkin. He is indebted to Dr. L. R. Shenton for reading 
the manuscript and for suggesting further references.!9>!! 

_ From a study of the references above, it seems clear that the 
method described in the paper is not basically new. Unfor- 
tunately the standard textbooks>»* can only be understood by 
those who are thoroughly familiar with advanced concepts of 
mathematical analysis, so that it seems unlikely that the impor- 
tant results contained in them can be known to more than a few 
electrical engineers. The treatment given in the paper differs 
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from that in the references in its simplicity and its immediate 
practical application, questions of generality and rigour having 
been given the bare minimum of attention. 
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SUMMARY 


The process of obtaining the transient response of band-pass filters 
to a suddenly applied carrier of frequency equal to or differing from 
the mid-band frequency of the filter is shown to be simplified by the 
use of Laurent’s low-pass band-pass transformation together with 
suitable approximations. The method is illustrated by an analysis of 
the m-derived band-pass filter. The effect of elements possessing a 
finite Q-factor is considered and an estimation of the errors due to the 
approximations used is made. 


LIST OF PRINCIPAL SYMBOLS 


Dp = Heaviside’s operator. 
P = Low-pass band-pass transformation. 
@ /27 = Mid-band frequency of band-pass filter. 
w,/27 = Frequency of applied carrier. 
Aw => Wr — Wo. 
Ro = Characteristic resistance of filter. 


w,(27 = Cut-off frequency of low-pass filter. 
nw /27 = Bandwidth of band-pass filter. 
iP. — 2mP, nwo. 
Py = 2mp|narg. 


Aw, = 2mAw/nao. 
T = Nwot/2m. 


= me ]2. 
w = m/(1 — m/4). 
Q = Q-factor of LC circuit. 
B = w/2Q. 
By = 2mB/nwp. 


a(t) = In-phase component of response. 
b(t) = Quadrature component of response. 


(1) INTRODUCTION 


The low-pass band-pass transformation has often been used 
in the frequency domain to aid the analysis of band-pass filters 
in terms of the known properties of low-pass _filters.!»?»3 
Laurent? first applied this transformation, suitably generalized, 
to the analysis of the transient response of band-pass filters 
subjected to the unit step function, and summarized his method 
in a complex formula analogous to Heaviside’s expansion 
theorem. By means of this formula the response of a complex 
filter (e.g. a band-pass filter) could be expressed in terms of the 
known response of a simple filter (e.g. a low-pass filter) from 
which the complex filter was derived by substituting for p a 
function P(p). Laurent’s method has not been employed subse- 
quently for transient analysis apart from an attempt by Tucker,> 
who reports that incorrect amplitude terms were obtained. In 
order to obtain the response of an m-derived band-pass filter to 
a suddenly applied carrier of mid-band frequency (subsequently 
called the symmetric case) Tucker resorted to semi-empirical 
methods. However, he employed in his analysis a factor 
M = (m[n)(p/~9 + @o/p) which is very similar to the low-pass 
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band-pass transformation employed by Laurent. Eaglesfield®® 
showed that, for a narrow pass-band, the factor M could be: 
considerably simplified in the transient analysis for the symmetric 
case. Eaglesfield’s result revealed, for the particular case con 
sidered, that the envelope of the response is equal to the response 
to a step function of a m-derived low-pass filter of cut-off] 
frequency equal to half the bandwidth of the band-pass filter. 
The solution for the symmetric case is relatively simple. How-. 
ever, in the circuits used in selective sideband apparatus, i 
stagger-tuned intermediate-frequency amplifiers and in otheri 
cases when the frequency of the applied carrier does not corre- 
spond to the mid-band frequency of the network, the solution 
becomes more complex. In these asymmetric cases, not only the: 
envelope of the response but also the phase undergoes change. 
The response may therefore be regarded as having in-phase and! 
quadrature components, a(t) and b(f) respectively, relative to the: 
applied carrier, the envelope of the response being +/(a? + b’). 
Because of the quadrature component, the waveform of the; 
response depends on the depth to which a carrier is modulated! 
by a step function and the simple transient low-pass band-passi 
analogy does not hold, except for two limiting cases of low- 
modulation or symmetrically-placed carrier, where the quadra-- 
ture component becomes negligible.”>§ | 
It is the purpose of the paper to present a general method of] 
analysis for the response of band-pass filters when subjected to 
a carrier modulated by a step function, the analysis being valid! 
for large modulation factors in the asymmetric case. As mosti 
filters are of T or 7 configuration, a general transfer function) 
for each of these networks is given. Laurent’s transformation} 
is presented and it is shown how it is radically simplified for thes 
case of a narrow pass-band. For the symmetric case, the solu- 
tion reduces to that obtained by Eaglesfield.® A detailed deriva- 
tion of the approximation for narrow pass-band is given, thus 
permitting an estimation of the error due to approximation to bes 
made. It is shown how the effect of elements possessing finite,, 
instead of infinite, Q-factors can be taken into account. The¢ 
entire analysis is illustrated by its application to the m-derived. 
band-pass filter, an example first considered by Tucker.> | 
In the analysis which follows, operational as opposed to 
symbolic calculus is employed. Thus, the operator p must be: 


aa 


t 
understood as 1/Q where OQ = [ dt. The use of the operator 


Q has been amply justified by “Teffireys!® and Dalton." It is: 
interesting to note that, because the operational method employs: 
integration over a finite time, it is equipped to handle functions 
of time such as exp (at?) which cause divergence when the 
Laplace transform is employed. However, this is not funda- 
mental to the present paper. The expansion formula, e.g: 


eqn. (6), can be derived using the classical method, operational 
calculus or symbolic calculus. | 


(2) TRANSFER FUNCTION OF T AND x NETWORKS | 


; The T and 7 networks form the basic elements of most filtes 
circuits and their symmetry facilitates the analysis of transie® 


Z,/2 Ze 4 


Fi 


pe 


ig. 1.—Single T element. 


Fig. 2.—Single 7 element. 


tTesponse. The equation relating response, i, to input, v, for 

the single T element (Fig. 1) is 

E = J v 
(1 + Z;/2Ro) + Z,/4Z, + Ro/2Z) 2Ro 


‘$0 that the transfer function is 1/2Ro[(1 + Z,/2R,)( + Z,/4Z, 
Rol2Z>)].- 


4 ‘The corresponding equation for the single 7 element (Fig. 2) is 


i 


(1) 


1 v 
~ + Rol2Z,)(1 + Z,/2Ro + Z,/4Z2) 2Ro 
‘so that the transfer function is 
1/2Ro[C. + Rol2Zy)1 + Z,/2Ro + Z,/4Z)] 


__ As the denominator of the transfer functions possess two 
factors, the transient analysis (which always involves factoriza- 
tion) is simplified. 


(2) 


i 


(3) LOW-PASS BAND-PASS TRANSFORMATION 

_ It is found inconvenient to use Laurent’s method in the 
form he suggested. The low-pass band-pass transformation 
P = p(1 + wep), where wi = 1/LC, which he employs is, 
however, very useful. For convenience, this transformation will 
‘be modified slightly to give 

» 


i eA CID) ew wma OD) 


: 
where we = 1/LC 


p 
: 
J 
; 


_ This transformation changes a simple inductor of value L into 
an inductor of value L/2 in series with a capacitor, the resonant 
frequency of the combination being @o/27. Thus, pL becomes 
PL = pL|2 + w3L/2p = pL[2 + 1/p2C. A capacitor of value 
C is transformed into a parallel circuit consisting of a capacitor 
‘of value C/2 and an inductor, the resonant frequency of the 
combination being w 9/27. Thus 1/pC becomes 


1 1 __ p2L(2[pC) 
PC (pC/2 + w3C/2p) — p2L + 2/pC 


Terman,!? in the design of low-pass sections, expresses all 
inductances in terms of inductance Ly = 2Ro/w,, where w,|27 is 


- 
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the cut-off frequency. Applying the transformation of eqn. (3) 
would yield inductance L, = L;/2 = Ro/w,. However, the 
corresponding inductance employed by Terman for the design 
of a band-pass section is Ly = 2Ro/nwy, where nwo/27 is the 
bandwidth, so that w, = nwo/2. Therefore application of the 
transformation to a conventional low-pass network yields a band- 
pass network, of central frequency w 9/27, having a bandwidth 


nw /27 equal to twice the cut-off frequency w,/27 of the original 
low-pass network. 


(4) APPROXIMATION FOR NARROW PASS-BAND 


An important simplification can be made if the pass- 
band is small compared with the centre frequency of the 
filter. If A(p)/B(p) is the transfer function of the filter, the 
response to a suddenly applied carrier of frequency wy[27 is 
[A(p)/B(p)] exp ( jw,t)H(t), where H(?) is the unit step function. 
This can be expressed as 


exp (jart)[A(p + jw,)/Bip + jot) JA@ 


by the application of Heaviside’s shifting theorem. [A(p + 
jwy)[Bip + jw) JH(1) will be called the modulation function 
and is denoted g(/). 

More generally, the response to a sudden application 
exp (jw t)H(t — fo), at an arbitrary phase, (wet), Of the carrier 
is exp (jw t)g(t — fo), so that the modulation function, referred 
to the instant ¢ = fg of application, is independent of the carrier 
phase at this instant. In particular, the in-phase and quadrature 
components of the modulation function are also independent of 
carrier phase. 

A band-pass circuit has the characteristic that its natural 
modes are clustered about the frequency w 9/27 which is the 
centre of the pass-band. This is illustrated in Fig. 3, where the 


j@ 


(a) (6) (¢) 
Fig. 3.—Typical properties of A(p)/B(p). 


(a) Distribution of poles. 
(b) Frequency characteristic, |A(jw)/B(jo)|. 
(c) Spectrum, |1/j(@ — ws)| of applied voltage. 


poles S,, S*, Sz, S%, etc., of A(p)/B(p) are shown. The modulus 
of A(p)/B(p) would then vary along the imaginary axis as shown 
by the plot of |A(jw)/B(jw)|, which is the conventional fre- 
quency characteristic of the filter. The spectrum | V(jew)| 
= |1/j(w — w,)| of the applied voltage exp (jw,t)H(@) for the 
general case wy wp is also shown. The fact that p is replaced 
by p + jw, to obtain the modulation function means that the 
entire plot on the complex-frequency plane will be displaced by 
an amount —jwy, as shown in Fig. 4. There are two sets of 
poles: one set, S, = (S; — js), Sp = (S2 — jwy), etc., Is 
clustered about the point —j(wy— wo); the other set, Sx 
= (S* — jwr), Sg = (Sf — jus), ete., is clustered about the 
point —j(we + wo). The spectrum of the applied voltage is 
now symmetrically disposed about the axis jw = 0 and is, in 
fact, the spectrum |I/jw| of H(@). If wr + wo is very large 
compared with the pass-band nw , the spectrum, I/w, of the 
applied voltage will fall to a negligible value near the point 
—j(w-+ w 9). This means that the natural modes S,, Sg, etc., 
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jw a 

Sq « ie) 

— -j(@ 5-4) 

tS) 
ies -\(wWet wo) 

Sa 

(b) (e) 


(2) 


Fig. 4.—Typical properties of A(p + jop)|B(p + jos). 


a) Distribution of poles. ; 
Frequency characteristic, |A[j(@ + «y)]/BI j(m + wy)]. 
(c) Spectrum |1/ja| of H(). 


will not be excited and the response (i.e. the modulation function) 
will be due only to those poles S,, S, etc., which are clustered 
about the point —j(wr— wo). In operational form, this 
approximation can be derived as follows. The modulation 
function is 


=A A(p + jw;) 
g(t) = Ripe jap? 
= oP) 4 
SG. SP eis Srnec erica aa 
where C(p) = A(p + jwr), Dp) = Bip + jwy) 
or s@) =7 exp (S,)) + Jf exp US; 8) 4. s. 
+ I, exp (Saf) + Ig exp (Spf) +... =. G) 


assuming the zeros S,,, S,,...S«, Sg... of D(p) are all simple 
and distinct, where, by the expansion formula, 7 


ee eS — 
f pD(p) p 


since D(p) = K(p — S,)\(p — Sp)... (p — Sa)(p — Sp)... 
If the filter possesses a narrow pass band (i.e. 7 small) and if 
Wr — Wo is small, then |S,|, |S,|, etc., will be small (of the order 
na/2) and |S,|, |Sgl, etc., will be large (of the order 2w 9). The 
limiting case of an infinitely narrow relative band-pass filter is 
obtained by allowing n — 0, preserving the band-pass charac- 
teristic (and therefore maintaining the values of S,, S,, etc.) by 
keeping 7w, constant. For finite bandwidth, nwo, as n+ 0, 
wy > 0. Under these conditions |S,|, |Sg|, etc., tend to 
infinity while |S,|, |S,|, etc., remain unaltered. Also K +0 
in such a way that KS,Sg... remains constant and therefore 


Sea De Ocoee tO) 
1S) 


finite. Therefore, for infinitely narrow relative pass band, 
sp ae & = ae 
60, @f—> 00 pD(p) p=Sq 
: C(S,) 
= him 
wo, ar» 0 SgK(S, — Sp)(S, — S,)... (Sq — Sa)(S, — Sg)... 
C(S,) 
ore 1 = ABS 8 
LC 2 en 


Similar expressions exist for J,, I,, etc. 


: te arar é C(p) . 
The same result is obtained if lim CCP) is obtained prior 


‘ : _  &0s Of —> 00 D(p) 
to application of the expansion theorem. As wy +0, so do 
the roots S,, Sg, etc., resulting in the replacement of the factors 


+ Strictly, this should be written 
(Ss — | 
SD(S) ‘Sep 


where S' is a complex number in contrast to the operator p. However, it is thought 
unlikely that confusion will arise. 


T= PCR) og nC Cue 
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(p — Sz), (p — Sp), ete., of D(p) by (—Si), (—Sp), etc. Thi 

reduces the degree of D(p), facilitating both the process o 

finding the roots S,, Sp, etc., and the calculation of J,, Jp, etc. | 
For the infinitely narrow relative pass-band, 


| 
E - oe me 
P \ 


i= iim. 
- 0, OF > © pD(P) Se 


While re will have a finite value at p = S,, even if Wo; 
P | 


and therefore S,, approach infinity, 1/p becomes 1/s,, which 
will be zero in the limit. Therefore I, = Ig =I,...—~0 as 
Wo > @, 


(5) MODIFICATION OF LOW-PASS BAND-PASS 
TRANSFORMATION FOR MODULATED SIGNALS 


If Y(p) is the transfer function of a low-pass filter, the 
response of a band-pass filter to a suddenly applied carrier 
exp (jwt)H(P) is 


i = Y(P). exp (jwst)H@, where P = P(p) 


or i = exp (jast)¥ [P(p + jo) JH (9) 
The modulation function is 
g(t) = Y[P(p + jo, JH . (10) 


For a narrow band-pass filter the approximation outlined in 
Section 4 can be employed. i 


t 
Thus a(t) ~ [P(p + jw, JAO 


lim 
@0; Of > © 


=Y[ lim Pp +jop)JHO. 


0; @F—> 0 


(11) 
Using eqn. (3) and allowing wp and w, to tend to infinity, 
keeping (wr — wo) constant, yields 
(p + jw) = ws 
2(p + jus) 
=P + j(wr — wo) 
ie. lim P(p + jwr) =p + jAw 


0, OF —> 0 


lim P(p + jw,;) = lim 


@0, Of —> @0, @f—> 


(12) 


where Aw = we — a 


Thus, in order to obtain the transient response of a narrov 
band-pass filter to a suddenly applied carrier of frequency 
w,/27, the function P = p + jAw is substituted for p in the 
transfer function of the equivalent low-pass filter from whict 
the band-pass filter was derived by the transformation P. The 
expression for the modulation function becomes 


a(t) = Y(p + jAw)H(t) (13 


For the symmetric case, Aw =0. Therefore, from eqn. (13 
the expression for the modulation function becomes 


g(t) = Y(p)H() (14 


Eqn. (14) is the response to a step function of the equivalen 
low-pass filter. Thus, the modulation function of the respons 
of a narrow band-pass filter to a suddenly applied carrier o 
mid-band frequency is identical to the response to a step functioz 
of the equivalent low-pass filter from which the band-pass filte 
is derived by the transformation P. In many cases the equivalen 
low-pass filter has a cut-off frequency equal to half the band 
width of the band-pass filter. 


se 


me 


- 


Fig. 5(6). At the resonant frequency w9/2a = 1/27/(LC), the 


y 


4 


(6) EFFECT OF FINITE Q-FACTOR 


__ The analysis so far developed is based on the assumption that 
all elements employed have an infinite Q-factor. The actual 


Q -factor of the LC circuits used in the filter considered by 
‘Tucker was 100; it will be shown that a value even as high as 


100 modifies the response appreciably. 
The substitution of p + B for p transforms a loss-free circuit 


into a circuit with loss. Thus, pL becomes pL + BL, ie. an 
inductor is transformed into the same inductor in series with a 
resistor BL. Also, pC becomes pC + BC, i. a capacitor is 
transformed into the same capacitor in parallel with a resistor 
of conductance BC. Applying this transformation to the loss- 
‘less parallel tuned circuit of Fig. 5(a) ‘yields the circuit of 


(6) 


(@) 


(c) 


5.—Application of transformation (p + f) to parallel LC circuit. 


(a) Lossless parallel circuit. 
(b) Transformed parallel circuit. 
(c) Equivalent circuit at @ = ao. 


y 


‘tesistor BL in series with L can be replaced by a parallel resistor 
“a@L?/BL provided wy > B. Since w2L?/BL = wL/B and the 


circuit finally reduces to that of Fig. 5(c) at the resonant fre- 


‘reat fn associated with the capacitor is 1/8C = w$L/B, the 


“quency wo/279. The effective Q-factor at wo is thus given by 


< 
i.e. 


: 


: 


Qa L = wpL]2B 
Q = @w/2P, or B == Wo/2Q 4 (15) 


The transformation (p + f) results in equal dissipation factors 
being associated with inductance and capacitance, whereas in a 
practical circuit most of the loss occurs in the inductor. The 
practical circuit can therefore be represenied by a resistor of 
value wL/2f in parallel with a lossless LC circuit, whereas the 
circuit obtained by the transformation (p +f) results in two 
resistors w?L/8 and wL/8 in parallel with the LC circuit. 
Provided w does not differ much from wo, i.e. provided none of 
the frequencies in the response differ appreciably from w/27, 
the transformation gives a reasonable approximation to the 
practical circuit. 

The series LC circuit of Fig. 6(a) is transformed into the 
circuit of Fig. 6(b) by means of the transformation (p + f). At 
the resonant frequency wo/2m = 1/27\/(LC), if wo > P the 


2RL 


G 


tf c 


(Q) 


Weke 


(b) (eC) 


Fig. 6.—Application of transformation (p + B) to series LC circuit. 


(a) Lossless series circuit. _ 
(b) Transformed series circuit. 
(c) Equivalent circuit at o = Wo. 
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parallel impedance of the capacitor and resistor becomes 
B/wsC — jlwoC = BL — jJwoC so that the circuit reduces to 
that of Fig. 7(c), where Q = woL/2BL = wo/28 as before. The 
transformation is subject to the same error as outlined for the 
parallel LC circuit since the effective series resistance of the 
capacitor is a function of frequency and is equal to BL only 
at Wo. Provided that all the frequencies in the response are 
sufficiently close to wo/27 this results in small error. 

The transformation P = p + jAw of eqn. (12), which gives 
the modulation function of the response to a suddenly applied 
carrier of an infinite Q-factor band-pass filter, therefore becomes 


P=p+B+jdw . (16) 
for the finite Q-factor filter. 


(7) ESTIMATION OF ERROR DUE TO APPROXIMATION 
From eqn. (5) the expression for the modulation function is 


g(t) = I, exp (S,t) + I, exp (S,t) +... 
+ I, exp (Sat) + Ig exp (Sgt) +... 


The approximation consists in obtaining lim c®) 
@0, Of —> 0 D(p) % 
the application of the expansion theorem. This results in 
two errors: (i) an incorrect estimation of I,, J,, etc., and (ii) an 
error in assigning the value zero to I, Ig, etc. 
Considering error (i), the exact expression for J, is 


ek C(S,) 
Ee. KS Se = SS, SS). l= Sar see 


prior to 


C(S,) 
KSAS, — SpSo= Se) . (— So) — Sa Sal Spy — SzhSa) 
(17) 
The approximation expression for J, is 
C= CCS) (18) 
KS,(S,, — S,)(S, = S,).. «( So Se)... 
if S S S 
R ee (i et Ce 19 
pee ae € 2) ( a =) u 
To estimate the error, it will be sufficient to put 
Sa = Sg = Sy = — j2a 
I, Sa \* 
Then ie => (1 ons) 
Si Pe er (20) 
2wWo 


where u = number of poles S,, 5}, S,, etc., of the modulation 
function which are clustered around the point S = — j(ws — wo), 
i.e. half the total number of roots of D(,p). ' 

To estimate the magnitudes of J,, Ig, etc., an alternative form 
of the expansion formula will be employed. The modulation 
function of the response is given by eqn. (4): 


_ A + jof) 
B(p + jof) 
which has poles S,,, Sp, S-.. + Sa, Sg, Sy... 


g(t) H(Z) 


Sq = Sy — jar, Sp = Sp — jor -- 
Sg = aS i — JOR, Sp = Sf — ju... 


where 
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and where S,, Sj, S>, S} ... are the poles of the original 
function A(p)/B(p). . 
A(p + jos) | 
Th Li ; : 
ee E (@ + Jey) pase 
salle oa 
S,|_B’(S;) 
a pdf oy) 
Oe | B(S*) 
ACS?) . : A(S}) 
te of and therefore has the same 
B(S*) is the conjugate o BS,) ni 


magnitude, so that 
[Za] _ [Sa] _ [Sal 
[Z,| | So. 2wW9 


Similarly, the magnitude of Jp, I,, etc., can be estimated. 


. (20a) 


(8) THE M-DERIVED BAND-PASS FILTER 


The m-derived band-pass filter, together with the low-pass 
filter from which it is derived by the transformation P, is shown 
in Fig. 7. By virtue of the transformation P, L,; = L;/2, whence 
W, = NW /2. 


ieee, 


2c, L,/e2 


(a) (6) 


Fig. 7.—m-derived low-pass and band-pass filters. 
(a) Voy pee filter. 
{/2 = mRo/<c, C5 = 2m/weRo, L5 = (1 — m2)Ro/2 
(b) Band-pass filter. tee Gata eee. 
L,/2 = mRo/nowo, C2 = 2m/nwoRo, L3 = (1 — m2)Ro/2mnag 
2C1 = n[mMRoo9, Lz = nRo/2mao, C3 = 2mn/(1 — m2)Roao 


The response, i, of a T network to a voltage, v, is given by 
eqn. (1). Using the values L;, C; and L; for the low-pass filter, 
Fig. 7(@) gives 


Z, = pL; = 2p,Ro where p, = mp|w, = 2mp|nwo 


(1 — m?)pt + m? Ro 


Zy = pL; ae I[pC; = 2 
mp; Dy, 


Substituting these values of Z; and Z; into eqn. (1) gives the 
following expression for the response of the low-pass filter to a 
step function: 


,— & _Gm\1 — mpi +1 
2Ro (Py + MW(pi/m? + p, + 1) 
From eqns. (12), (13), (14) and (16), the modulation function 


of the response of the band-pass filter to a suddenly applied 
carrier E exp (jw t)H(¢) is given by the substitution of: 


H(A) (21) 


P =p + B + jAq for p for the finite Q-factor filter, asymmetric 
Case (wy a Wo). 
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P=p+jAw for p for the infinite Q-factor filter, asym 
metric case. 

P=p+f8 for p for the finite Q-factor filter, symmetri 
case (wr = Wo). 

IPE Fi, for p for the infinite Q-factor filter, symmetri 


case. 
On division by na 9/2m, these transformations become 


P; =p; + Py + jAa, 


P, =p; + jAo, oe 
Pi =p, + Pi | 
Pi = Pj 


where P, =2mP[nwo, py = 2mp|nwy,t B, = 2mB[nao, Aw 
= 2mAw/nog. 
To obtain the modulation function of the response to ¢ 
suddenly applied carrier E exp (jwst)H(), P=(p + B+ jAw. 
must replace p in eqn. (21), or Py = 2mP/nwo must repl 
D1 = 2mp|nev. 
Therefore the expression for the modulation function is 
E (1 — m?)(1[m?)P? + 1) 
2Ry Py + DPF? +P, + D) 
where P, is given by eqn. (22). 
Egn. (23) can be expanded into partial fractions: 
E ( 1 me m2P 1 
2Ro\P; + 1 P2 + m*P, + m 


H(1) 


g(t) = (23: 


a(t) = )HO . @4 


(8.1) Transient Response of Finite Q-Factor Filter, 
Asymmetric Case 


The modulation function is given by eqn. (24) where 
P; =p, + B, + jAa: | 


re E E 1 
SOR py BE ee | 
mp; + By + jAe,) HG 
(, +B; + jhe)? + mp, +B, FjA@) 2 we | 
(25) 


This reduces to 


g() = am [a() + jb] (26) 


where a(t) = a,() — a,(t) 
b(t) = b,(4) — b, (2) 


and a,(¢), a(t), b,(¢) and b,(t) are shown in the appendix to be 


and 


2 
ai) = a 4 — exp[—(1 + pres cos (Aw,7 + 44) 
1 
by = Ses 
+exp[— (1+ Bix] eeg sin (Aw 7 + ¢)) 
1 


a(t) = AC + exp[— (« + B,)7] 
E Aa (BA cos wr + RE es sin wr) 
w 
+ sin Aeoyr( S A cos wr + eee sin un) | 
w 


} The time scale corresponding to the operato i = i 
well-known theorem, if F(p)H(1) = f(2), F(plaE(t) ple! ok 2 


bo) = FC + exp [— (@ + B,)r] 


E sin Neyr( BA cos wt + ABBA 
p60) 


sin wr) 
+ cos Nayr(F A cos wt + pent! sin wr) 


17 = neot|2m, Aw, = ImAw|ney, Mw = wf — wy 


_ 2mB nw, B = wo/2Q, tan $, = Aw,/(1 + Bye 7/2 
w = my/(1 — m?/4) . 


! ee By + 7Aw, 

of (1 — Aw?/m? + By + B3J/m2) + fA, + 26 ,|m7) 
Pp m2 

(1 — Awt/m? + B, + Bi/m?) + jAw,(1 + 28,/m2) 
: oa Bi + jAw 

Ee (1 — Aw?/m? + B, + B3/m?) + jAw,(1 + 28,Jm?) 


(27) 


a d Z and ¥ are used to denote the real and imaginary parts of 
A, Band C. 


_ The output current is therefore 

: 

i = g(t) exp (jwet)H() 

E 

4 = ——[a(t) + jb(1)] exp (jw,t)H() 

% 2Ro 

; 

or i = ——(a? + b’) exp (just + ¢) (28) 
4 2Ro 


where ¢ = arc tan (b/a). 

a(t) and b(t) are known as the in-phase and quadrature com- 

ponents of the response. Both the amplitude, ./(a? + b?), and 

the phase angle, arc tan (b/a), of the response vary with time. 
As an illustration, the particular circuit values employed by 

Tucker? in one of his experiments may be considered. These are 


Wo = 2m X 2650, we = 27 Xx 2550, Aw = = 27 x 100 
m = 0:884, n = 0-037, O = 100 (29) 


Thus, Aw, = — 1-8, B, =0-238 and 7 = 349¢ and the 
in-phase and quadrature components become 


a(t) = — 0-009 — 0:-458e—1-238t cos (1-87 + 0-969) 
+ ¢—9-6282(0-271 cos (1-87) sin (0-7927 + 1-43) 
+ 0-499 sin (1-87) x sin (0:7927 — 0-8)] 


b(t) = 0-020 — 0-458e— 1-38 sin (1-87 + 0-969) 
+ ¢—9-628:/0-271 sin (1-87) sin (0-7927 + 1-43) 
— 0-499 cos (1-87) x sin (0-7927 — 0°8)] 
(30) 


The envelope, «/(a2 + b?), of the response is plotted in Fig. 8, 
where it can be compared with the response assuming an infinite 


Q-factor (Section 8.2). Rue 
The envelope of the decay when the carrier 1s removed may 


be derived as follows. 
The in-phase and quadrature components of the response to 


4 suddenly applied carrier, which are independent of the carrier 
VoL. 106, PART C. 
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Fig. 8.—Transient response of band-pass filter, asymmetric case. 


phase at the instant of switching, have constant and transient 


terms, 
a(t) =e + d(t) 


Re a ep 


The effect of removing the carrier is equivalent to the application 
of a cancelling carrier when the transient terms have died away. 
The values of the in-phase and quadrature components for the 
decay become 


a(t) =c— a(t) = — d() } 
; (32) 


bd) eb) = = 1@) 
The envelope 4/ [(a’)? + (b’)*] of the decay is thus obtained by 


taking the root of the sum of the squares of the transient parts 
of the in-phase and quadrature components of the rise. 


(8.2) Transient Response of Infinite Q-Factor Filter, 
Asymmetric Case 
For Q = ©, B = B, = 0 and the response is again given by 
eqn. (26), with A, B, and C of eqn. (27), however, simplified: 


4 jXo, 
1 — Aw?/m? + jAa, 
es m? 4 
1 — Aw?/m* + jAw, CG» 
C jAw, 


1 — Aw?/m? + jAw, 
Using again the values of eqn. (29), 
a(t) = — 0-010 — 0-486e~* cos (1-87 + 1-063) 


+ ¢—9-39[0-272 cos (1-87) sin (0-7927 + 1-135) 
4. 0-553 sin (187) sin 0-7927 — 0-89)] 


b(t) = — 0-006 — 0-486e~* sin (1-87 + 1-063) 
+ ¢—9-397[9-272 sin (1-87) sin (0-7927 + 1-135) 
— 0-553 cos (1:87) sin (0:7927 — 0-89)] 
(34) 
where 7 = 349¢. 


The envelope of the response, +/(a” + b?), is plotted in Fig. 8. 
6 
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(8.3) Transient Response of Finite Q-Factor Filter, 
Symmetric Case 


For the symmetric case, Aw, = 0, tan d; = ; = 0 so that 
substitution in eqn. (27) yields 
Bi me 
BA — TB + Bie | Oe Tt Bi + Bal 
1 
ACT EB + Bil? 


IA = SB = JC = 0 and eqn. (26) reduces to 


=) 1+ (1 — m)B3/m? 
8) = FRG + Bod + Bi + Balm?) 


ear ia exp[— (1 + Bt] + exp[— @ + B)7] 
m(1 +B [2) in wT Bi % | 
|- eda ym ee pe 


(35) 
eae the values of eqn. (29) yields 


S(O z0 -626 — 0-808¢~!:238 
— 0-861e—9:©28= sin (0:7927 — 0+213)] (36) 


This result is plotted in Fig. 9. For comparison with Tucker’s 
results, eqn. (36) is divided by 0-626 to give a final response of 


AE 
E/2R, 


Fig. 9.—Transient response of band-pass filter, symmetric case. 


—---— Experimental (from Tucker). 
—— Theoretical, O = 100. 
== Theoretical, Q=0 


unity. The curve for an infinite value of Q (Section 8.4) is also 
plotted. It is seen that the error in assuming Q infinite is 
appreciable. The curve for a finite Q-factor gives good agree- 
ment when ¢ is large (in particular, the overshoot corresponds 
very closely to that obtained experimentally). For ¢ small, the 
slope of the theoretical curve is less than it should be, owing, no 
doubt, to the neglected higher frequencies. 


(8.4) Transient Response of Infinite Q-Factor Filter, 
Symmetric Case 


The solution for this case can be obtained from eqn. (35) by 
putting 8B, = 0: 
2 


= ( a OTe ees mena sin wr) (37 
. 2R WwW ¥ ) 


where 7 = nwot/2m. 
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It can also be obtained using the general rule stated 
Section 5 for narrow pass-band filters. The response of 
low-pass filter from which the band-pass filter is derived } 
known to be? 


m 


V/ (1 — m?/4) 


E 
ee, ESP — g—Gct/m — 
, EA 


e~ meet? sin +/(1 — m4), 

3 
The modulation function of the response of the band-pass fil 
to a suddenly applied carrier of mid-band frequency is obtain 
by replacing wo by nw 9/2: | 


E 
ao alfa ga noot|2m 
a) = 5 1 


m 
~ Vl = n?/4) 
which, sincet = nwot/2m, w = mv\/1 — m?/4) and a = m?/2, ii 
identical with eqn. (37). Eqn. (37) for the values of eqn. (2% 
becomes 


ai) = = [1 — e+ — 0-985e-0-3 sin 0-7927] . ¢ 
0 


and is plotted in Fig. 9. 


(8.5) Estimation of Error 


As an illustration the infinite Q-factor filter, the asymmetric 
case will be considered (Section 8.2). From eqns. (22) and (24 
the modulation function is 


1 
mel + 1+ jAw, 


(p, + jAw,)? + m*(py + jAw,) + m? 


Thus, one of the three poles of the modulation function clusterec 
= 5p — jw) 01 
S,=—- (= + jAw). This gives rise to a tect of the forn 


g(t) = 


(41 


near the point —j(wr— wo) is S, 


Ije~* X eJ41* in the response. J; is, however, not the true 
magnitude, and the error can be calculated from eqn. (20), s« 


that 
i » : 3 NWo F ) 
pole Fy sla + JD 
3Aw 3n 
=14+ 5" -j-. (42 


If 3A/2m9 and 3n/4m are both <1, then 3Aw/2w, is th 
approximate per-unit error in magnitude and 3n/4m is th 
approximate error in phase angle. For the particular values o 
eqn. (29), eqn. (42) becomes 


T= 1 = 0-057 — j0- 031 
I, = 1-06 /1-9° x I; (43 


Similarly, the errors in obtaining J, and I, can be obtainec 
noting that 


Teo = a,(t) + jb,() 


and Tes! + Te = — [(ap(t) + jb] 


‘The amplitudes of the neglected modes can be estimated from 


eqn. (20a). Thus 
% He Sal | : es 
Lal 2wW9 4m * 2wo . 


(44) 
For the particular values of eqn. (29), eqn. (44) becomes 
|Z. 
= 0-022 . 45 
[al ea 


imilarly, the magnitudes of Jp, I, . . . can be estimated. 


(9) CONCLUSIONS 

- (a) The substitution P = 4[p + $/p] transforms a low-pass 
filter into a band-pass filter of central frequency Wo[27. To 
obtain the transient response of a band-pass filter to a step 
a ction, P =4[p + w/p] is substituted for p in the operational 
_ expression for the transient response to a step-function of the 
original low-pass filter. 

_ (6) To obtain the modulation function of the transient 
“response of a band-pass filter to a suddenly applied carrier of 
eg (p + jws)* + 0} 
2(p + jwr) 
_the operational expression for the transient response to a step- 
function of the original low-pass filter. 

_ (c) For anarrow band-pass filter and for Aw = Ws — Wo < Wo, 
the transformation for the modulation function of the transient 
: response of a band-pass filter to a suddenly applied carrier 
reduces to P = p + jAw. 

_ (d)If the elements of the band-pass filter possess a finite 
value of QO, the transformation of (c) becomes 


; P=p+B+jAw 


- 

“where B = w)/2Q. : 
_ (e) The error in calculating the magnitude of mode S, in the 
-modulation function due to the approximation outlined in (c) is 
_ given by 


“frequency wrl27, P = is substituted for p in 


where J; is the magnitude as calculated by the approximate 
“method, J, is the correct magnitude and u is the number of 
poles S,, S;, S, .. + of the modulation function which are 
clustered about the point —j(wy— wo). Similarly, the errors 
in obtaining J,, I, . . . , etc., can be estimated. 
_ (f) The approximate magnitudes of the neglected modes Sz, 
Sp, Sy... can be obtained from the relations 


[a] _ Sal [Ze 
a] 29° || 


The transformations of (c) and (d) were applied to a m-derived 
| band-pass filter considered by Tucker. For the symmetrical case 
Aw =0 transformation (d) gives good agreement with his 
experimental results. For the asymmetrical case, the trans- 
formation gives results having the same general shape of oscillo- 

grams as those obtained by Tucker. 


_ [Ss] 
7AM etc. 


(11) REFERENCES 
(1) LANDON, V. D.: “The Band-Pass Low-Analogy’, Proceedings 
of the Institute of Radio Engineers, 1936, 24, p. 1582. 
~ (2) LauReENT, T.: ‘Transformation frequentielle des lignes 
artificielles correctrices d’affaiblissment’, Ericsson Tech- 
nics, 1935, p. 15. 


MAYNE: TRANSIENT RESPONSE OF BAND-PASS FILTERS TO MODULATED SIGNALS 


151 


(3) Laurent, T.: ‘New Principles for Practical Computation 
of Filter Attenuations by means of Frequency Trans- 
formations’, ibid., 1939, p. 57. 

(4) LAURENT, T.: ‘Frequency Transformations applied on the 
Heaviside Expansion Theorem’, Ericsson Review, 1937, 
p. 40. 

(5) Tucker, D. G.: ‘Transient Response of Filters’, Wireless 
Engineer, 1946, 23, pp. 36 and 84. 

(6) EAGLEFIELD, C. C.: ‘Transient Response of Filters’, ibid., 
1946, 23, p. 306. 

(7) EAGLEFIELD, C. C.: ‘Carrier Frequency Amplifiers— 
Transient Response with Detuned Carriers’, ibid., 1946, 
23; Da67- 

(8) AGRAIN, P. R., TEARE, B. R., and Witiiams, E. M.: 
“Generalized Theory of the Band-pass Low-pass Analogy’, 
Proceedings of the Institute of Radio Engineers, 1949, 37, 
Dalia 2. 

(9) KALLMAN, H. E., SPENCER, R. E., and Srncer, C. P.: 
‘Transient Response’, ibid., 1945, 33, p. 169. 

(10) JErFReys, H. and B.S.: ‘Mathematical Physics’ (University 
Press, Cambridge, 1946). 

(11) Datton, J. P.: ‘Symbolic Operators’ (Witwatersrand 
University Press, 1954). 

(12) TERMAN, F. E.: ‘Radio Engineers Handbook’ (McGraw- 
Hill, 1943). 


(12) APPENDIX 
Eqn. (25) is 


E 1 
ils +1+ By + jAw, 
mp, + By + jAw) 
(p, + By + jA@,)? + mp, + By + jAw,) + m 
The first term of this equation is 


g(t) = 


jaw 


: H(t) | f | 
Ppit+i+fi + jAw, 1+ B, + jAw, 


[1 ae ent Bote jAene] (46) 
Letting tan d, = Aw,/(1 + f)) (47) 
1 _ 60s dy (48) 
ar 1+f,+jAo, 1+f, ' 
and eqn. (46) becomes 
COS Pi Ft — e+ Birger +40] 
1 + Bi 
cos? 1 COS $144.6, | 
= Bs cos (Aw 7 + $,) 
§ Efe ba Be Oe ames 
| — sin ¢, cos $; , cos $1, U+ape Nea: | 
+] ithe, ih a 
= a,(t) + jb; O (49) 
The second term of eqn. (25) is 
mp, + By + jAw)) HO 
(p, + By + jo)? + mp, + By + jAw,)+m? 
np Pi 
a —jAo@,t - H(t) 
= ¢ Bite 1 (p area oo oa = Bi se ii 
: Ap, + Bp, Cp, 
— e—Bitc—jA A H(t) 
ees on( 5 + mp, +m * p, — Bi iia 
; (50) 
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where A, B, C are determined by conventional partial fraction 
analysis and are given in eqn. (27). 
Rearranging eqn. (50) gives 


; Ap? + Bp Cp | 
erie anor : t+ =-— |H(d), 
anes la +a)? +w* pi — By — jAa, 


sin WT 


<. e-Breritor| eo cos wT + BO «A 
w 
+ Cebrelaor | = C+e—©+bdt(cos Aw 7 — j sin Aw 47) 


sin wr 


| 24 cos wr + see ats 


+i($4 cos wT + ee es sin or) | 


= Cr + 6—&t Hr] cos Awr(BA COS WT 


+ gs ST sin wr) + sin Aeoyr( 4A COS WT 


IBF A 


Ww 


sin wr) | +if¥c + e—@t+Bit 
meee" 
|- sin Aeyr(BA cos wr + pele 


+ cos Aeyr( FA cos wr + AS sin ur) |} 
(63) | 
— a,(t) + jb,(t) . . . . . . . ° . . (51) 
where « = m?/2 and w = my/(1 — m?/4 
The full solution is therefore 
E ' 
where: a(t) = a,(t) — ap(r), b(t) = b(t) — bx), and a,(A) 


a,(t), b;(¢).b2(4), are obtained from eqns. (49), and (51) and ar 
given in eqn. (27). 


sin wr) 


w 


SUMMARY 


lal 
: A method proposed by the Services Electronics Research Laboratory 
is analysed in detail, and expressions are derived for the efficiency under 
a variety of conditions. It is shown that, subject to reasonable limita- 
tions on the intermediate-frequency spacing, a polycrystalline ferrite 
“should behave in many ways like a single crystal sample and that the 
S.E.R.L. measurements on magnetization can be explained by assuming 
a basic line width of a few gauss and a spread in resonant fields from 
point to point in heterogeneous samples. Owing to a remarkable 
property of the structure of the formulae, this spread in resonance does 
not degrade the effective permeability, although the measured value is 
_ reduced by a factor of about a hundred. 
On the figures presented, the tentative conclusion is reached that the 
“conversion efficiency is some 14 dB worse than acceptable conventional 
crystals will give, although the figures may be capable of improvement. 


No calculations are made on noise figure. 
% 


, LIST OF PRINCIPAL SYMBOLS 
A = Cross-sectional area of ferrite, cm?. 
e B= B(n — r). 
_ C= Constant related to the magnetic field in a polycrystalline 
. sample. 
_ V, = Voltage induced in a coil, volts. 


f = Radio frequency, c/s. 
f; = Intermediate frequency, c/s. 
_ f(«) = Function of the permeability which determines the local 
field in a polycrystalline sample. 
Ho = Static applied magnetic field within the ferrite sample, 
oersteds. 
H = R.F. magnetic field. 
H,, = R.F. magnetic field in the nth crystallite. 
/ = Length of ferrite rod, cm. 
L=R-F. toi.f. loss factor. 
_ M=RF. magnetization, gauss. Subscripts | and 2 denote 
local-oscillator and signal frequency. 
M, = 1.F. magnetization. 
M, = Saturation magnetization. 
N; = Number of turns in i.f. coil. 
Ni = Number of turns per unit length in coil. 

n = Integer indicating nth crystallite. 

s = Total number of crystallites in ferrite sample. 

P =R.F. power, watts. Subscripts 1 and 2 denote local- 
oscillator and signal frequencies. Subscript 1 denotes 
power absorbed in nth crystallite. 

P; = Power available at intermediate frequency from i.f. coil. 

r = Parameter determining r.f. mistuning. 

R = LF. coil resistance, if. load resistance, ohms. 

v = Volume of ferrite, cm’. 

v, = Volume of nth crystallite. bi 

y = 2r/s. A parameter determining r.f. tuning. 
Zz, Z, = —jPsp4rl bp A quantity related to the permeability. 

« = Attenuation coefficient. 
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8, p = Parameters determining the shape of the permeability 
curve. 
y = 2-8 Mce/gauss. 
e€ = Dielectric constant of ferrite. 
A = R.F. wavelength (free space), cm. 
jf’ = R.F. permeability to circularly polarized waves (unity 
for free space). 
bm = Measured permeability of ferrite. 
Mp = Peak permeability for ferrite single crystal. 
ft = Effective permeability. 
bn = R.F. permeability of nth crystallite. 
go = Composite permeability of polycrystalline ferrite. 
Lt, = Value of pp at a frequency determined by r. 
$1,2 = Phase of r.f. magnetizations. 
@® = Flux parameter for ferrite sample, maxwells per watt. 
6 = Angle of deviation of total magnetization. 
@ =R.F. angular frequency, rad/s. Subscripts 1 and 2 
denote local-oscillator and signal frequencies. 
w; = I.F. angular frequency. 


(1) INTRODUCTION 


A method of utilizing the non-linear properties of ferrites to 
replace the usual crystal element of a microwave mixer has been 
suggested by the Services Electronics Research Laboratory, 
where some preliminary measurements have been made sug- 
gesting that usable efficiencies could be obtained at 3cm wave- 
length. The purpose of the paper is to examine the theoretical 
properties which might be expected and to compare the pre- 
dictions with measured values. 


(2) METHOD OF USE 


The intended method of using the ferrite is to insert a rod in 
a rectangular waveguide perpendicular to the guide axis (see 
Fig. 1). The rod is placed in a static field sufficient to cause 
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Fig. 1.—Ferrite rod and i.f. coil in microwave cavity. 


resonance at the microwave frequencies used and also to saturate 
the material. Tuning elements in the guide are arranged so that, 
both at signal and local-oscillator frequencies, all the incident 
microwave power is absorbed by the ferrite (which is so lossy at 
resonance that losses in the guide walls can be neglected). A 
variable component of axial magnetization in the rod appears at 


[els33] 
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the intermediate frequency and can be picked up by a suitable 
coil surrounding the rod. 

The paper is concerned with a ferrite near resonance. If the 
field is resolved into two components. of opposite sense of 
circular polarization the ferrite appears resonant to only one of 
them. To the other the material is far off resonance, and that 
set of components will henceforth be ignored. The following 
symbols are used for magnetization in the ferrite. 


M, = Saturation magnetization (nearly axial). 
M;, cos w;t = Intermediate-frequency magnetization (axial). 
M, exp (jw;t) = Local-oscillator magnetization (transverse cir- 
cularly polarized). ; 
M) exp (jw) = Signal-frequency magnetization (transverse cir- 
cularly polarized). 


M, is of constant length, and is swung off the axis by an angle 0 
through the application perpendicular to the axis of the micro- 


Ms 


8M axial =Ms (1- Cos @) 


Fig. 2.—Magnetization vector. 
wave magnetization |M, exp (jw,f) + M2 exp (jwf)| (see Fig. 2). 
@ is determined by 
6 ~ sin@ = »/(M? + M? + 2M,M), cos w;t)/M, . (1) 


The axial component of magnetization under these circumstances 
is M, cos 0, and the change is given by 


8M xial = Md — cos @) fem 4M,0? 
Substituting for ? from eqn. (1), we get 


1 
8M xial = aay Ot + MZ + 2M,M) cos w;t) (2) 
Ss 
Extracting the i.f. magnetization term, we get 
M; = M\M)/M, (3) 


In the absence of the r.f. signal there is a d.c. change in mag- 
netization due to the local oscillator only. This quantity, which 
has been measured at S.E.R.L. is given from eqn. (2) by 


dMio = M?/2M, (4) 


_The variable axial magnetization at intermediate frequency 
gives rise to a voltage, V,, in the coil, of resistance R wound 
round the ferrite. The available power P; from the coil, con- 


sidered as a generator of internal resistance R working into an 
external load of the same resistance, is 


P; =4V2/4R (5) 


V, is given by 10~8N,AdM;/dt = 10-8N;Aw;M;. In terms of v, 
land N;, we have N;A = Nyujl = N,v. 
Inserting in eqn. (5) we get 


P; = Niv’w?M? x 10-16/8R (6) 
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In order to express this in terms of other physical quantitie 
through eqn. (3), it is necessary to digress a little to relate th 
r.f. power absorbed in the ferrite with the r.f. magnetizatio: 
produced. 


(3) ABSORPTION IN A FERRITE 


The aim is to obtain an expression similar to the familia 
equation relating stored energy per unit volume and magneti 
field, but here involving power absorbed rather than that stor 
The permeability of a ferrite is a tensor 


BP, jk, 0 
=i BP 0 
ORT OR 


but if a circularly polarized component is considered, the: 
permeability becomes a scalar p +x. This latter term will 
henceforth be denoted by p. Since the ferrite is near resonance 
for one sense of circular polarization only, only the components: 
of the field for that sense will be involved and the components for: 
the contrary sense, which will be far off resonance, will be 
ignored. 

To investigate the power flow in an infinite block of material, 
we consider a section of area A and small thickness ¢t. The 
peak circularly polarized magnetic field is H, to which the 
electric field is related by E = 300\/(u/e)H. The input Poynting 


flux is 

¢ 
The output flow is given by P,,; = Pj, exp (—2a«t) = P;,(1 — 2?) 
where a = IZ Vue). 


[uJ] = 


Pn =F AE x Ht = soe Paz, |e 
4a 4a € 


Hence 
P= Pi — P= Py = HPA Ra| EA ue) 


Putting At = v, and assuming that the major loss arises from 
Lt, so that € can be taken as real, 


RV WIV bw = vV/|p| cos G4b)v/|z| sin Gd) 
= dy] sind = 4p 
where pp = |ple/*. 


Hence P= oleh fier Pa 


4 


This equation relates the power lost per unit volume to the fielc 
developed in the sample. 


(4) SINGLE-CRYSTAL FERRITE 


For a single crystal the permeability will be high at or nea 
resonance, and the approximation M ~ 4H can be made as th 
relation between magnetization and field.* Using subscripts 
and 2 for local-oscillator and signal frequencies it is foun 
from eqn. (8) that 


2A, Py |u|? (s 
3 0008, Ait ee eae 


with a similar equation for M5. It will not, in general, be neces 


sary to distinguish between A, and A,, and they will both be de 
noted by A. 


|M,|? = 


* w. and w — 1 will be used indifferently when p is large. This does not affe 


the results of this Section since (uw) = ¥%(u — 1) and in eqn. (12) an expressic 
is used which equals yu — 1 rather than yw. It is only in Section 6 that the appro» 
mation enters into the determination of the local distribution of magnetic field. 


Using eqns. (3), (6) and (9) we get 
oy NiDdw2P | Po 


= |e1|?| eo]? 1 
9 x 10772R 


———— 1 —_. 


SI (144) 4 (U2) M? 


Define the conversion loss by L = P;/P). Introducing the 


microwave frequency f and the intermediate frequency fj, 
n. (10) becomes 


(10) 


a nm N2P,/f; ‘| al7lo2|? 1 
a Pn ae Tf Es 2 
i 50 RAF) | 7G Fad ei St 


This equation gives the loss in terms of 4. and M,. When the 
= is given by an equation of the form 


YM, 
yHo — w; + jp 


i 

ke My = fy —1= (12) 
_ where Y is the gyromagnetic ratio, Ho is the internal static field 
and p 1S a parameter which determines the resonance width, it is 
found simply that 

7 [ea|7/-4(e) = yMlp 


"independently of the resonant frequency. Hence eqn. (11) can 
be written 

4 pam NPs iy: (lly: (13) 
fe 20 RAS, NAM. - 
since |u| = -4() at resonance. 

4 Although this equation does not exhibit any effect from the 
_ ferrite resonance, it is implied that all the incident power is 
_ absorbed in the sample, so that not only must the cavity be 
_ matched off frequency but the wall losses must still be negligible 
compared with the ferrite losses. This limits the frequency 
_ mistuning permissible in practice. 

_ Put this equation in terms of other measured quantities 
_ obtained from the case in which only the local oscillator is used. 
From eqn. (4), 5M = M?/2M, which gives, using eqn. (8), 


AAP;|H|  _ AP | 
M, x 30000 3000/M, 


Let ® be the change of flux for a power of 1 watt absorbed in 
the ferrite. Then 465M = P,Q, so that 


_ Alz| 
be 3000/.M, 


_ Substituting for ||/M, in eqn. (13), we get 
PP GR 


A&M = (14) 


= ©? (15) 
In this formula some figures provided by S.E.R.L. can be 
inserted. The value of © is measured as 0:0003 for a poly- 
crystalline sample, but reasons are given later for using it here 
also for the single-crystal ferrite. N; = 70 turns, P; = 10 watts, 
(w;=27 x 6 X 10’. The circuit resistance was 30 ohms, 
which was several times the coil resistance. Eqn. (15) is derived 
from eqn. (5) in which the coefficient 1/4 comes from the 
assumed matching of circuit and coil. If the circuit resistance 
is much larger than the coil resistance the coefficient 1 /4 is not 
needed. This amounts to taking R = 30/4 in eqn. (15), leading 
to L =4 x 10-3 = — 24dB, compared with the conversion 
loss in conventional crystal mixers of the order of 10dB or less. 
To achieve useful results both lower coil resistances and 
materials with larger values of ® are therefore necessary. Even 
so, 10 watts local oscillator power is rather high. 
To give ® = 0:0003 with M, = 3090 gauss, A= 3cm and 
1=1cm, the above equations require || = 900, which is 
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about 100 times the measured value for polycrystalline samples, 
but which might be appropriate to a single-crystal sample. 
Reasons will be given later for linking the value of ® measured 
for a polycrystalline sample with that for a single-crystal ferrite. 
The discrepancy in py, would then be resolved if one were to 
assume 


(a) That the single-crystal line width is of the order of several 
gauss, giving a permeability of about 1000 at resonance. 

(6) There is a spread in the internal static field in a polycrystalline 
sample—possibly due to anisotropy fields—which causes only a 
degraded average value to appear in permeability measurements of 
polycrystalline samples. 


It is accordingly necessary to amend the various formulae in 
the polycrystalline case in order to take account of such spread” 
in characteristics from one part of the sample to another. 


(5) POLYCRYSTALLINE FERRITE SAMPLE 


The first question to be resolved is the distribution of the r.f. 
field in a heterogeneous sample. In the simple extreme case, 
in which all the grains are in the form of discs having as a 
common axis the applied static field, continuity at the boundaries 
requires that the transverse field be the same throughout the 
sample. At the other extreme, if the grains were of the form of 
concentric cylindrical shells, the boundary conditions would 
require continuity of B = wH so that H would vary inversely 
as the local permeability. Between these two extremes, for a 
random sample, we expect to find H varying as a function both 
of the local and average value of uw, and we take H, < f(u,), 
with f yet to be determined, for the field in the nth grain. 

The most plausible function to take for f(w) can be found 
from a consideration of the results of Kerner’s paper* on the 
conductivity of composite media, where a similar problem occurs. 
His eqn. (9) for the conductivity of an assortment of conducting 
grains of different properties leads, in the magnetic case, to the 
conclusion that the quantity which is constant from grain to 
grain is the product H,(u, + 29). Zo is determined by 


Ho — Fn 
OO ———E— 
2 "2p + Bn 


where », is the volume of the nth grain. It is convenient to 
assume that all the grains have equal volume v/s. 

Assume H,, = Cf(y,,) where f = 1, 1/u or 1/(u + 2) in the 
three cases considered. To calculate C we use eqn. (8) in the 
form of the power P,, absorbed in the nth grain 


jy och} shetsiee cenit BG) 


3000 
Pr ai TOU Up|C2f?(Uy)| Aun (17) 
Summing eqn. (17) gives 

s 3000 » S 
es => Pr =" TONes = Sw |? FG) C? (18) 

1 Ss 4 

Hence, after solving eqn. (18) for C, we get 
2’P 

Hy = Cf un) = LG) (19) 


3 0002 s 
alls Hun Fin 


This replaces eqn. (8). The magnetization in the nth grain is 
M, = (Ln — DA, ~ bnAn : 

Eqn. (3) needs to be modified to take into account the phase 
difference in the r.f. magnetizations. If M exp j(wt + 9) is 
taken as the form for the magnetization it is seen that the if. 


* Kerner, E. H.: ‘The Electrical Conductivity of Composite Media’, Proceedings 
of the Physical Society, B, 1956, p. 802. 
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magnetization is (M,M,/M,) cos (wit + ¢, — $2), so that eqn. 
(3) is modified to : 


M, = (M,M;/M,) exp i(f1 — $2) 


Since M ~ pH, the angle ¢ comprises two parts: the angle of 
and the angle of f(), which relates H to the power by means of 
eqn. (19). If the average magnetization of the grains is now 
calculated, and the derivation leading to eqn. (11) is repeated, 
it is seen that the permeability factor involved is 


(20) 


S 2 
> Hntbenot (Havt (Hn2)* 
d (21) 


To see : 
x SF (tent) |f (nr) |* p> FI (tena) | (ena) |? 


This replaces |u|? in eqn. (13). (The asterisk denotes the 
complex conjugate.) 


(6) THE FORM FOR p 

Take py, ~ My, — 1 = yM,/(yHon — w + jp) where Ho, differs 
from grain to grain, giving a spread in values. It is necessary 
to assume something about the range and distribution of Ab,, 
the simplest being a rectangular distribution centred on a mean 
value. Although not very realistic, this form, which leads to 
some simplification in the mathematics, will be pursued in this 
Section. A triangular or other distribution could be used later 
as a refinement if the analysis seemed to justify it. 

The equation for the permeability of the mth grain can thus 
be put in the form 


= Lp 
ae sas oar: (Ts a (22) 


fy (negative imaginary) is the peak value reached when 
w = yHo, in a single crystal. B is a measure of the spread 
and is related to the number of grains, whilst n now runs from 
—ts to +4s. The number, r, indicates the position of the r.f. 
tuning in the bulk material. As can be seen from eqn. (22) 
if r lies within the region defined by the spread in magnetic 
fields there will be some grains at (or very near) to resonance. 
The calculations will be confined to Kerner’s function 
1/(u + 29), ignoring the disc and cylinder arrangements as too 
idealistic. 

The measured permeability jz, is determined by the average 
magnetization divided by the average field 


Xi bnHn © Hnl po + Hn) 
i XA, ~ D1] Cuo+ pe) 


from eqn. (19) 


(23) 


Hm — Pn =A 
n 2hg + bn 


Hence 


Comparing this with eqn. (16) it is seen that p.,, = [o, So that the 
composite permeability jz9 appearing in eqn. (16) is simply the 
permeability of the bulk material which appears from straight- 
forward measurements. However, it is seen to be a function 
of r, or frequency, and to emphasize this fact it will be written My 
On replacing the summations in eqn. (23) by integrations, an 
approximate though adequate formula for pu, is obtained: 


s/2 5/2 
Ps | on | [1 + jP(@ — r)|dn/p, 
ago BOOP erdtod J LF TL +78 =O 2prl ep 
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The integrations are quite straightforward. If we define an 
auxiliary quantity z by 

ae iPsprl Pp 
z then satisfies the transcendental equation 


Bias 1 +2(1 + y) + 22/jBs 
aa) 7 — 2 —y) + 22/985 


where y = 2r/s is a measure of the r.f. tuning. 
(It may sometimes be convenient to stress the dependence 0: 
z on r by writing it z,.) 
From eqn. (24) 


(24 


Pr = My( —z//Bs) (26; 
and since it is anticipated that the values of px, will be appr | 
ciably less than p,, the quantity Bs must (subject to later con: 
firmation) be presumed to be large. The quantity z is complex: 
with a magnitude of the order of 4, so that 2z/j8s is a smal! 
quantity and may be ignored in eqn. (25), leading to the modifiea 
equation 

3 Le 


Ee Te 
7 eee ( 


From this equation, which can also be written in the form 
y = coth (2/3) — 1/z (28) 


it is seen that z is real for large values of y and possesses th 
asymptotic expansion 


(28) 


As y decreases a value is reached (y = 0-87) at which z become: 
complex. For y =0 the value of z is imaginary. A semi 
empirical relation in this complex region is 


3-436y 


z~ 2I/y y>1 


: 1 — 1-320, 
7 = V0 —0-936) 7° 9124/7 0<y<0°SF 
(30) 
For y > 1 a similar relation is 
2 | 
(3) 


7 = Vo?—0-51) 


_ A plot of the real and imaginary parts of z and |z| is given 
in Fig. 3. The shape is rather different from the usual response 


6 5 — 


fe) 1 2 3 4 
yy 


Fig. 3.—Curve of z plotted against y. 


of measured materials, but this is a consequence of the rect- 
a ngular distribution assumed for Alon. (A tapered distribution, 
‘siving a concentration of internal fields around a central value, 
would be more realistic and would lead to a rounded top to the 
‘ curve.) It is seen that y =1 gives the value of r.f. tuning 
at which |z| has fallen to 0-707 of its central value, the quantity 
_by which the line width is usually measured. The value of |z| 
_at tuning is approximately 4, leading to 


Hr=0 = 4tp/ Bs (32) 


: In Section 4 a peak value for « of about 100 times the 
‘Measured value was required. If the explanation of this factor 
is given correctly by the present analysis, it is seen from eqn. (32) 
that Bs ~ 400, justifying the statement that Bs is large. It 
_ remains to be shown that the present analysis also leads to a 
_ value of j2 in eqn. (21) which is not degraded, as is the measured 
permeability, by a factor of this order. 

_ Since pz, is imaginary, 


|p| 


rp 
a F =- 

eae 
Hence 


I(w)| (|? = 


Hp 
GicgB)G., JB) 


where B = B(n — r) 
(33) 


SF (qu) 
(24, + w)(2us + p*) 


ve 262fl 
z 4zz*(1 + jB — jBs/2z)(1 — jB +"jBs/2z*) 
é 


> 


on substituting for uw, and yx from eqns. (22) and (24). 

_ This expression can be put into partial fractions, and on 
_ replacing B by [(n — r) and integrating, there is found (inter 
alia) the difference between the logarithmic term of eqn. (25) 
_ and its complex conjugate. Using eqn. (25) to express this more 
simply as #(z — z*) it is found that 


(Bs)? Zo z* 
3B| up| Bs(z — z*) — 4jzz* 
Consistent with the approximation in going from eqn. (25) 


to (27), the second term in the denominator can be ignored, 
giving , 


I(w)|f(w? = 


s 
I (wf? =z (34) 
3|Up| 
This is independent of the position of the r.f. tuning. On sub- 
stituting eqn. (34) in the denominator of eqn. (21) it is therefore 
not necessary to take note of the subscripts 1 and 2, which may 
accordingly be dropped. Hence eqn. (21) becomes 


[Al = ae ” Meni tenet (Pmt) (Hn2)* (35) 


The expressions involved, after substituting for w, and p, at 
the two respective frequencies, are substantially the same as 
those involved in reaching eqn. (34). The result of the integra- 
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tions gives 3(z) — z*), where zp is the value of z, at r=0 
(the ferrite being on tune at the signal frequency). 
The following form is obtained 


| 


—) Zy Zp [Ho 
IAL = [tol oe yao fea ee 
1 = WS me —) 
Zy Zo 
Near y =0, z = —j3-97 + 3-44y, from eqn. (30). Substi- 


tuting in eqn. (36), we get, for values of y less than about 0:5, 


lH] ~ |up|//( + 0-689y7) (37) 


Since y = 1 corresponds to the half-width tuning of the 
measured permeability p,, it is seen that, qualitatively, || 
possess the peak permeability of the single grain but the broader 
tuning curve of the bulk polycrystalline material. This mirrors 
for the bulk material the property evident in eqn. (13), wherein 
the tuning of the ferrite is shown to be without direct effect. It 
also justifies the claim that the permeability for the single crystal 
may also be used for the polycrystalline ferrite, and suggests 
that no direct advantage (in the present device) is likely to arise 
from the use of a single-crystal sample, since the peak per- 
meability is already realized in the polycrystalline medium whose 
broader tuning curve is obviously better suited for matching the 
power into the ferrite. 


(7) CONCLUSIONS 


The S.E.R.L. magnetization measurements can be explained, 
at least as far as order of magnitude is concerned, on the 
assumption that the basic permeability line width is of the order 
of only a few gauss. In polycrystalline samples, a spread of 
the local internal field, caused perhaps by anisotropy forces, 
debases the measured permeability by a factor of the order of 
100. Nevertheless, and rather surprisingly perhaps, it is the 
peak value which appears in the formulae, provided that the 
local-oscillator and signal frequencies are not too far removed 
from the nominal resonance. In the single-crystal case the 
frequency placing with respect to the resonance does not seem 
to be of any direct consequence, although there may be diffi- 
culties in matching all the power into the ferrite, especially over 
a very broad signal band. However, the efficiency of the 
process, on the data used, appears to be about 14dB lower than 
that obtainable from a conventional crystal mixer. Unless this 
figure can be improved appreciably, the practical application of 
the device is likely to be severely circumscribed. 

Of considerable interest is the way in which p enters the 
formulae. The structure is such that, although the average 
measured value of yw can be debased by a large factor, the 
effective value arises from a peculiar type of mean which is not 
degraded in the same way. In particular, the form 4()/|p|* 
is quite unaffected by the averaging process, the two factors 
giving complete mutual cancellation. This must surely be one 
of those rare cases in which nature has failed to take advantage 
of an averaging process and has left us with a product with peak 


performance. 
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SUMMARY 
An outline is given of a method for calculating the magnetic field 
of rotating machines. As a first stage in this work the field of a 
tubular current has been calculated, and curves are given for a particular 
example of such a current. 


LIST OF SYMBOLS 
A, A,, Ag, A, = Vector potentials. 


a— wale. 
a”? = b% — a. 
b=n/, 


Ig. 
c = Velocity of light. 
2d = Axial length of end-ring. 
g = Spacing between centres of successive tubes. 
H, H,, Ha, H, = Magnetic field strengths. 
i,, ig, i, = Current line densities. 
i,, ig, ¢; = Maximum values of current line densities. 
I,, 1, = Modified Bessel function and derivative of modified 
Bessel functions of the first kind and order p. 
K,, K, = Modified Bessel function and derivative of modified 
Bessel functions of the second kind and order p. 
21 = Axial length of tube. 
L = Self-inductance. 
m = A number. 
N = Number of turns. 
p = Number of pole pairs of current distribution. 
r = Radius, co-ordinate. 
s = An odd number. 
wince. 
x = A variable. 
z = Length, co-ordinate. 


a = An angle. 
Bose fbr, 
Vwi Te 

Oeil l x. 

Sz) Pr) 


@ = An angle, co-ordinate. 
A = Electrical wavelength. 
/4o = Magnetic constant. 
p =A length. 
w = Angular frequency. 


(1) INTRODUCTION 

The continuing increase inthe rating of generating plant is 
forcing manufacturers to work to extremely close tolerances in 
the design of a.c. generators. As a result, the magnetic field of 
such machines is being more closely examined than ever before. 
In such a programme of examination and research full-scale 
and model tests play an important part, but it is also of great 
interest to derive analytical solutions of the fields of certain 
idealized current distributions. Such solutions can offer general 
guidance to the designer, and they are helpful in opening up 
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further avenues for experimental investigation. The paper con- 
tains the first stage of an analytical investigation carried out: 
in the framework of a general research programme into the: 


behaviour and design of rotating machines. 


(2) GENERAL CONSIDERATIONS 
(2.1) Statement of the Problem 


An immense amount of work has been done since the end of the 
last century in examining the magnetic field of rotating machines, 
but this work has been almost exclusively concentrated on the 
2-dimensional field of the slot portion. This region is undoubtedly 
the most important part of the machine, and a number of 
valuable mathematical tools have been developed to deal with 
its field. Conformal transformations, relaxation methods and 
series solutions of Laplace’s equation have all been used with 
good effect: in such methods, the a.c. field is described by a 
scalar potential function, so that a.c. machines are dealt with by 
extrapolation from the d.c. case. While this is a perfectly satis; 
factory approach in the derivation of numerical solutions, it is 
an approach which turns its back on Maxwell’s electromagnetic 
theory and thus sacrifices much of the understanding of problems 
involving energy transfer by electromagnetic induction. More- 
over, the methods which are so successful in dealing with the 
2-dimensional field of the slot portion fail when they are applied 
to the field of the end-windings. Here a 3-dimensional approach 
is essential, but the writer is not aware of any successful attempt 
at solving this problem. Generally, the end-windings are dis- 
missed in some remarks of a qualitative nature. Until recently, 
such a general discussion may have been satisfactory, but it is 
quite insufficient if information is sought for the design of end- 
windings which shall give rise to the smallest possible eddy losses 
in the core end-plates and associated metal structures. 

The difficulties in the path of anybody trying to derive an 
analytical solution of the magnetic field of an alternator end- 
winding are considerable. It is true that all the conductors are 
usually of the same shape, but this shape is not at all amenable 
to mathematical treatment. To add to the difficulties there are 
iron masses of various shapes near the conductors. A close 
examination of turbo-alternator end-windings may well give the 
impression that a solution of the problem is impossible by 
analytical methods. Such an impression is strictly correct, but 
it is not therefore correct to abandon analytical methods: 
electrical-engineering practice abounds in impossible problems 
The general method of attack is to replace the actual physica 
structure by an idealized one which is amenable to analysis 
The practical designer can then use the idealized solution tc 
give him general guidance on the problem he has in hand. 


(2.2) Proposed Method of Attack 


For the alternator end-winding we propose three simpli 
fications, namely 


— The actual conductor currents are to be replaced by curren 
sheets. 


(b) The current sheets are to be of simple geometrical shape. 
(c) There shall be no iron in the vicinity of the current sheets. 


f — a = greatly depart from reality, and 
or area nb ication which divides the air-gap 
Oe touitdls ann, ape AG components. The magnetic field 
ecient gS of current sheets can correctly describe 
th gnetic fie d of the conductor currents, except in the imme- 
 peeged of the conductors. More specifically, it will be 
i nt to use a current sheet with simple harmonic variation 
por current density along it to describe the fundamental space 
' component of the magnetic field of the conductor currents. 
; The second simplification is imposed at this stage of the work in 
a to avoid complications. It is hoped that it will be possible 
q O remove it gradually by the superposition of certain simple 
_ Standard current distributions, when these have been analysed. 
f The third simplification is a drastic one. But before the effect 
_ of iron can be included in the problem it is in any case necessary 
to calculate the magnetizing field. Thus the solutions here set 
é out are incomplete as they stand. It should be kept in mind, 
. however, that not all coils have iron cores. The solutions 
2 derived in the paper do not give a complete description of the 
_ field of rotating machines: they are only the first stage of such a 
_ work, but they stand in their own right as the solution of the 
field of a certain current distribution and they are likely to find 
application in other branches of electrical engineering. It is 
_ hoped to include the effect of iron when the magnetizing field of 
_ various current distributions has been fully investigated. 
Whereas the three simpiifications cause the present work to 

_ depart to some extent from actual engineering practice, there is 
one aspect of the treatment which is a decided advance on 
previous methods. We propose to describe the magnetic field 
in terms of Maxwell’s complete theory by means of a vector 
potential and not a scalar potential. Thus the alternating 
currents will no longer be treated as modifications of direct 
currents. The proposed method enables us to deal with alter- 
nating currents of any frequency, and there are considerable 
incidental advantages, which are set out in Section 3.2. The 
_ general subject of energy transfer has been discussed in a 

previous paper.! It is hoped to consider it in more detail at a 
_ later date when eddy-current losses are to be considered. It is 
_ worth noting here that the existence of eddy currents depends 
on alternating magnetic fields and that the logical approach 
must be through the general equations of electromagnetism. 
_ This is the approach adopted here. , 

Having now stated the problem in general terms, we propose 
to devote the rest of the paper to the detailed discussion of a 
particular example. 


i ih 


ee 


(3) THE MAGNETIC FIELD OF A FJUBULAR CURRENT 
DISTRIBUTI 


(3.1) Description 


The general symmetry of rotating machines is cylindrical and 
we propose to consider cylindrical current sheets. Fig. 1(a) 
shows such a current sheet in which the current flow is axial and 
is designated i,. The question of continuity of current flow is 
discussed in Sections 3.2 and 3.3, but at this stage the current 
sheet should be regarded merely as a current-element, i.e. as an 
incomplete portion of a current circuit. It will be noted that the 
line density of the current varies around the tube. This variation 
is supposed to be of the form 7, sin pO and thus to represent a 
winding with 2p poles. 
Consider now Fig. 1(b), which shows a circumferential 
current sheet ig also arranged in 2p poles. Here the line density 
varies as — ig cos pO. : ; 
Fig. 1(c) shows the radial component of current, /,. Again 
the distribution around the tubular sheet is polar and the density 
_varies as i,sinp0. The current sheet i, is introduced for the 
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(b) 


Fig. 1.—Axial (a), circumferential (6) and radial (c) tubular 
current sheets. 


sake of completeness, but is not discussed further. It is clear 
that any current distribution can be built up by the super- 
position of the three types of current-element shown. 

Fig. 2 shows a combination of axial and circumferential 
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Fig. 2.—A tubular current made up of an axial section and two 
end-rings. 


current sheets resembling the current distribution in the rotor 
of a squirrel-cage induction motor. The axial current sheet 
represents the slot portion and the circumferential sheets the 
end-rings of the induction motor. The problem is to find the 
magnetic field of this postulated current distribution, and we 
do not discuss how such a current could be caused to flow ina 
certain conducting material. For convenience in calculation the 
current sheets are assumed to be infinitesimally thin. The 
radius of the tubular sheets is R, the axial length of the axial 
current sheet is 2/ and the axial length of each end-ring is 2d. 
Cylindrical co-ordinates r, 6 and z are chosen, the origin of 
co-ordinates being on the axis of the tube half-way along it. 
The positive direction of z is from left to right and @ is therefore 
measured clockwise in a right-handed system of axes. 


(3.2) The Field of the End-Rings 


It has been stated in Section 2.1 that we are particularly 
anxious to calculate the magnetic field of the end-windings. In 
the tubular current distribution shown in Fig. 2 these end- 
windings take the form of rings, and it would be very desirable 
to calculate the field of these rings by themselves. If the current 
were of constant strength in the 6-direction, the magnetic field 
could be described by means of Legendre functions. Since 
there is a variation along the 0-direction [see Figs. 1(b) and 2], 
the obvious first choice is to use tesseral harmonics, i.e. Legendre 
functions which have a 0-variation. However, it was found that 
a solution in terms of these functions was not obtainable. This 
is not surprising, when it is remembered that the basis of such a 
solution is the replacement of the current distribution by a 
magnetic-dipole layer on the surface of a sphere. The method 
uses a scalar magnetic potential and is strictly applicable to 
problems involving only direct-current flow. But isolated end- 
rings carrying direct currents of varying strengths in the 0-direc- 
tion are a physical impossibility. The mathematical failure 
arises directly from this physical impossibility. The current 
has to be fed into the end-rings, and it is impossible to obtain 
the field of the end-rings by themselves if the current is 
unidirectional. 

This objection falls away if the current is alternating. The 
continuity of such a current can be assured by the provision of 
additional finite distributions of electric charge such that the 
divergence of current is equal to the rate of decrease of charge. 


The magnetic field will depend only on the current, and hence it 
is possible in principle to calculate the magnetic field of the 
end-rings quite apart from that of the axial current flow. 
Similarly, it is possible to calculate the magnetic field of the 
axial current flow by itself. A scalar magnetic potential is not 
applicable to the a.c. case and a vector potential will have to be 
used. This has already been mentioned in Section 2.2. 


(3.3) The Form of the Solution 
Because of the cylindrical symmetry of the structure, it is} 


convenient to use Bessel functions in the analysis. The treatment’ 
is an extension of that given by Moullin,? who employed Bessel. 
functions in the calculation of the self-inductance of single-layer " 
solenoids. We first obtain the vector potential A of the current : 
distribution and thence by the relationship 4 H= curl A the: 
magnetic field strength H. 
The charge distributions mentioned in Section 3.2 can be: 
dispensed with if the current flow is made continuous. Thus the: 
end-rings could be placed over the ends of the axial current sheet - 
in such a way that the axial current diminished towards the ends 
while the circumferential flow increased. A possible distribution 
of current would be a constant circumferential current density 
over the width 2d of the end-rings with a corresponding linear ' 
decrease of axial current flow over the distance 1 —d<z<1+d! 
at the ends of the tubular flow. Here the treatment is somewhat 
simplified by the assumptions that 2d < / and that the current 
changes direction at z = +/. It will be noted that the restriction 
of the solution to a.c. problems does not apply if the current 
flow is made continuous; but in such cases the axial and circum 
ferential currents cannot be treated in isolation. S| 
In order to deal with the finite length of the current sheets, 
use is made of Fourier series. The single isolated tubular current | 
is replaced by an infinite coaxial succession of equal and- 
oppositely directed current sheets spaced at a distance of g 
between adjacent sheets (see Figs. 3 and 4). It is clear that for 


B=) — ==) ae 


Fig. 3.—Infinite succession of equal and oppositely directed axial 
current sheets. 


Fig. 4.—Infinite succession of pairs of equal and oppositely directed 
circumferential current sheets. 


g > 21 the solution will be very near to that of an isolated tube. 
This assumption is examined more closely in Section 3.4. 

The method of obtaining the solution is competent to deal 
with currents of any frequency, but in order to keep the present 
account as short as possible, our treatment is restricted to 
wavelengths such that A > 2g. This means that the solution is 
expressed in terms of modified Bessel functions of argument 
substantially independent of the frequency (see Appendix). 
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_ The three components of the magnetic field have been derived H.= 47,R°b . 8 sj 
in the Appendix. Rationalized units have been used. If r > R, eis, PU BE SAT Gy 
: 4 i,R2b2 = ’ : 
ey = - Zz : Gos pOEin wi > I,(sbr)K,(sbR) sin sbl cos shz . (5) 
a _ 4 i,R*b? : 
; D sK;(sbr)1{(sbR) sin sbl cos sbz . (1) H, = — “—— cos pO sin wt 
4 sok . Ly 7 
: PATO 51 SSL GK UDR) siti ial 
Hy = — : sind cn eit Roar Cis p(SbR) sin sbl sin sbz . (6) 
fe @) “a ie . . . . 
Y K,(sbr)(sbR) sin sbi cos sbz 2) where 7, is the maximum line density of axial current, b = m/g, 
Ree w is the angular frequency, and s is restricted to odd numbers. 
i 4 i,R2b2 It will be noted that the series are convergent everywhere except 
> A cos p@ sin wt at r= R. Here H, and H, oscillate finitely except at z = + 1, 
ae where H, diverges to infinity. This lack of convergency is a 
> 5K, (sbr)7,(sbR) sin sbl sin sbz_ . (3) result of making 2d < / and will disappear if this simplification 
tf a Pp s=1 is abandoned. 
2 The above series have been used to calculate the field of 
may, 4 i,R7b? ae oe tubular currents for which /=2R and g = 4(1+ R) = 12R, 
x a nS and p = 1 and 2. The results are shown in Figs. 5 and 6 and 
a. ‘ F merit close study. Of particular interest is the remarkable 
»»} sI,(sbr)K,(sbR) sin sbl cos sbz . (4) difference in the internal field between the 2-pole case (p = 1) 
Tye shown in Fig. 5 and the 4-pole case (p = 2) shown in Fig. 6. 
Oe | It appears that H, and Hy vary as r?—!, whereas H, varies as r?. 
This follows from the behaviour of the Bessel function I, near 
| | the origin of co-ordinates. Thus the stator iron-loss of turbo- 
ee alternators is likely to be greater than that of multi-polar 
te & Os © SINwt machines because a greater amount of iron surface, particularly 
73 | | at the end-plates, lies in a strong magnetic field. It will be noted 
rs that Figs. 5 and 6 are given in non-dimensional form. 
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‘ Fig. 6.—Magnetic field for 4-pole tubular current. 
Fig. 5.—Magnetic fields for 2-pole tubular current. 8 oe 
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(b) r< R. 
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It is very important to realize explicitly that the order of the 
Bessel functions is linked to the order of the circular functions. 
Thus I,, I;, K, and K, are linked to sin pO andcos pO. It is clear 
that a change in the number of pole pairs must produce a different 
polar distribution of the magnetic field in the 6-direction, but it 
is not immediately obvious whether there would be a corre- 
sponding change in the r-direction. This question is answered 
when the relationship between Bessel functions and circular 
functions is taken into account. Thus formulae (2)-(6) enable one 
to see at a glance how the number of pole pairs affects the magnetic 
field in both the 6- and r-directions. 


(3.4) The Limiting Case of an Isolated Tubular Current 


It was stated in Section 3.3 that the solution obtained applies 
strictly to an infinite succession of tubular currents on a common 
axis. In order to obtain the solution for a single isolated tube, 
we must make g very large in comparison with the dimensions 
of the tube. In the limit, the infinite series will become infinite 
integrals and we shall have expressions of the type 


4 i,R2b? ‘ RE iy : 
—H,=- ee cos pO sin wt | BxK;(x)1 (yx) sin dx cos exdx 
7 0 


Such infinite integrals are likely to be exceedingly cumbersome 
in computation and it is highly desirable to retain the simplicity 
of the series solutions, especially since the series are rapidly 
convergent, if g is not very large. The question arises as to the 
choice of g. In effect we must choose g so that the mutual 
inductance of adjacent tubes is negligible. This provides a 
useful check, since both the series solution and the integral 
solution for the self-inductance of a single-layer solenoid are 
available.2 Fig. 7 shows the self-inductance of solenoids for 
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Fig. 7.—Self-inductance of single-layer solenoids. 


which 1 = 2R,1 = R, and/ = 4R. It will be seen that the series 
solution in each case tends rapidly to the asymptotic value 
obtained by means of an infinite integral. If / = 2R, it is seen 
that, even if g has the smallest possible value of 2 Dive mit; 
there is no gap between successive solenoids, the self-inductance 
is already within 18% of that of an isolated solenoid. With 
our value of g = 4(R + I) there is no difference between the 
series and the integral solutions. With very short tubes of large 
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diameter the approach to the asymptotic value is not so rapid, 
but it is clear that with the choice of a suitable g the series 
solution can be employed without appreciable loss of accuracy. 
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(6) APPENDIX 
(6.1) The Vector Potentia] of a Tubular Current 


(6.1.1) The Vector Potential of an Axial Current of Line Density 
i, sin pa sin wt distributed around the Surface of a Tube 
of Radius R. | 

Refer to Fig. 8 and consider the vector potential at P due to a. 
filament of current at Q. The filament is assumed to be infinitely | 


P(r, ©) 


Fig. 8.—Relating to the vector potential of a tubular current. 
long and the magnitude of the current varies as cos bz along the 
filament. Then it can be shown? that 


275A, 
Moi,R cos bz sin wt 


= K,(a"p) sinpadx. . . (7) 


where p is the distance OP and 


where a’? = b? — q? = (7) = (2) a (2) z (FZ) 


+0 
But K(a’’p) Saat K,,@’7)1,,(@’’R) cos m(a — 8) (Ref. 4) (8) 
Hence the vector potential A, at P due to the tubular current is 
given by 
+ 00 


2A, oe : 
jh RCOS BE Ra at I, x K,,(@’ 7), (a’’R)(cos ma cos m6 


+ sin mx sin m@) sin pads | = 27K,(a’’r)I,(a’R) sin pO. (9) 


Hence A, = Mol, RK,(a’r)I,(a’’R) sin p cos bz sin wt . (10) 


This is the result forr > R. If r < R we have 


A, = poi, RI,(a’r)K,(a’’R) sin pO cos bz sin wt (11) 
Tn order to deal with the finite length of the tube we shall make 


use of a Fourier series. Referring to Fig. 3 we can write the 
ent line density as 


(12) 


4, > a bl b 
a sbl cos sbz . 


e 


when sis odd. If nowa’? ~ b?, becauseg < 2/2, the expressions 


eer the vector potential become, if r> R 
i 


F ie aa ; 2 | 
(A,= —HoizR sin pé sin wt x . p(sbr)1,(sbR) sin sbl cos sbz (13) 


fe 


A a 
oA, = boieR sin p@ sin wt x H,(sbr)K (sb) sin sbl cos sbz (14) 
= 

S being restricted to odd numbers. 

_ It will be noted that A, satisfies Bessel’s equation in that 

‘Bessel functions of order p are associated with circular functions 

of order p. 

(6.1.2) The Vector Potential of a Circumferential Current of Line 

; Density —i cos pa sin wt distributed around the Surface of 

: a Tube of Radius R. 

__ Refer to Fig. 8 and note that the current now flows around the 

circumference of the tube. Consider first the vector potential 
at P due to a blade of current> at Q. By a ‘blade of current’ is 

‘meant a narrow strip of infinite length with current flowing 

transversely to the length. The magnitude of the current varies 

-as sin bz along the axial length of the tube. The vector potential 
at P will have a radial and a tangential component. Let these be 

‘denoted by A, and Ap, respectively. Then, if r > R, 


275A, 
PoipR sin bz sin wt 


4K,(a”p){sin [(p + De — 6] — sin [(p — 1)a — 6] }dex 
4K,(a’p) [sin (p + 1a cos 8 — cos(p + 1)x sin @ 


= Ko(a’p) sin (a — 8) cos pada 


I 


— sin(p — 1)« cos 8 — cos (p — 1)a sin @]da (15) 
Also - 
gh: — . . 
K,(@’p) = & K,,(a’)I,,(a’R)(cos ma cos mB + sin ma sin mé) 
a<— (16) 
Hence 


=9A, a 
MoigR sin bz sin wt 
— sin(p + 1)@ cos 6] + K,_,(@’n)I,_1@’R) 
[cos(p — 1)0 sin 8 + sin (p — 1)8 cos 6] 


— A, = tupigR[K,_10’)I,_1@’R) 


K,+1€@’)I, 41(a’’R) [cos (p + 1)8 sin 6 


— K,ii@’N,4 (a R)] sin pO sin bz sin wt (17) 
Similarly, 
— A, = 4upioR[K,_,(@’r)1,_i(@’R) 
: ORs ee nh aR] cos p@ sin bz sin wt (18) 
ifr <= R, 
— A, = 4yoigR[I,_1@’")Kp_1@"R) 
f eae fe Ky la'R)] sin pO sin bz sin wt (19) 
Ey = FpipiR[Ip_1(2’Kp_1(R) Bs 


+ 1,41(@’7T) Ky + \(a’’R)] cos p@ sin bz sin wt 
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In order to deal with the finite length of the tube we shall make 
use of a Fourier series. Referring to Fig. 4, we can write the 
current density as 


OES eet ee s ; 
ig = — fy >a; 5 sin sbl sin sbd sin sbz . 


s=1 


(21) 
when s is odd. 


If a” ~ b, the expressions for the vector potential can be 
expressed as infinite series similar to the series obtained for ,. 


(6.1.3) The Divergence of the Vector Potential. 


If the current flow is continuous there need be no electric- 
charge distributions; hence the vector potential must have no 
divergence. The calculation of this divergence thus serves asa 
useful check. 

oA 


: oh Aga 
div A eat 


Are GA: 
or r 


Ap 
ru 


1 
ae ss (22) 
Consider the case r > R and take a typical term of the Fourier 
series. 

SE Rae ee ?,RDK,(sbr)I,(sbR) sin sbl sin sbz sin pO 
Mo Sin wt 7 
4iR , 
secre { [sbr Kf_(sbr) + K,_1(sbr)]1,_1(sbR) 
— [sbrK}, (sbr) + Kp+1(sbr) 1,4. (sbR)} sin pO 
sin sbl sin sbd sin shz 


4i,R 
4 4 ERP [K,_1(sbr)I,_1(sbR) + K, ,:(sbr)I, 4 1(sbR)] 


7 rs 
sin p@ sin sb] sin sbd sin sbz (23) 
2 ; 27g sin (sbd 
ee 2 Rsin pO sin sbl sin sboK (ob ,sbR| i = ee 
(24) 
But in order to make the current continuous, 
t/p 
+] i, sin pO Rd? = 2igd (25) 
0 
LAT cone 
Therefore - = 2igd (26) 
Also, if d <g, sin sbd — sbd 
, Sin(sbd)p | i,Rsbdp _ ib 
Hence ig R, = ERs s 
and div A =0 
(6.2) The Magnetic Field of a Tubular Current 
(6.2.1) The Axial Component Hz. 
Ag . Ag 104, 77 
Holl. r | or r 00 Go 


Consider first an infinitely long tube of current varying as sin bz, 
Then, for r > R, 

igR : ; ot (a/R 
— ig, = 419 cos pO sin bz sin wtf [K,_;(@”7)Ip_i(@"R) 


he K 41a’) p41(a’’R) | a a’r{ Kya’ 7,1 @’R) 


EK Opa a8). 
— p[Kyps(@"Ip1(@”R) — Kyi via’ Rf 28) 
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Hence 


— H, = igR cos pO sin bz sin wt[— a’rK pa ly ds) 


— ores ya hy 1a’ Re 9) 
jel = Yiox cos p@ sin bz sin wt 2a’’K,(a’r)I,(a’”’R) (30) 
r 
If a’ ~ b and instead of ig sin bz we have 
: (eps 5 sin sb/ sin shd sin sbz, and if ig = 7,R/2pd, 
7 s=1S 
47,R*b : = Soa ete 
Nee 7 cos pO sin wt x K,(sdr)L,(sbR) sin sbl sin s 
7 p = 
sin sbz (31) 
If sin shd — sbd 
s Saxe Hae 2. Cos pb sin at > 5K, (sbr)I,(sbR) sin sbl sin sbz 
(3) 
iit <= R; 
(: Bear LE 2 cos p@ sin wt ony L(sbr)K,(sbR) sin sbl sin sbz 
Rep 
(6) 
It will be noted that H, satisfies Bessel’s equation, as it must. 
(6.2.2) The Radial Component H,. 
104, 0A 
ey op ©) 
By the method given in Section 6.2.1, for r > R, 
— H, = Tee a= cos p@ sin wt = sK,(sbr)I,(sbR) sin sbl cos sbz 
(1) 
anda << R, 
4 i,R*b* * @ y , . 
Hy = oe cos pf sin wt sI,(sbr)K,(sbR) sin sbl cos sbz 
s=1 
(4) 


(6.2.3) The Tangential Component Hg. 


Hol, = a ee aL ie ee SB) 
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By the method given in Section 6.2.1, forr > R, 


41RD i > K,(sbr)L/(sbR) sin sbl cos sbz 
ea sin pO sin wt 2 p(sbr)1(sbR) sin s: SS. 
and if 7 <= KR; 
AL RD, ; ee ; : ii 
Ay =- sin pO sin wt x 1,(sbr)K,(sbR) sin sbl cos sbz (5) 
7 aes 


(6.2.4) The Magnetic Field at the Surface of the Tubular Current. 

A useful check on the accuracy of the expressions for the 
magnetic field is given by examining whether the magnetic field 
gives the correct current distribution by using the equation 


curl H =J (34) 


From Section 6.2.1. we have, at r = R, 
4i. i,R Rb | 


H, outside ~ H, inside — me pd cos pé sin wry [K, (sbR)I, (sbR) 
— K,(sbR)I,(sbR)] sin sb/ sin sbd sin sbz (35)} 
But 
/ of 1 
K,@L@ — K,@1,@) = = (36), 
Hence 
FA, outside — Az inside | 
4i,R : sin sb/ sin sbd sin sbz 
= = 6s pl sin or : 
7 p Ss ; 
= ig cos pO sin wt (37) 
which is the assigned circumferential current density. 
From Section 6.2.2 we have, at r = R, 
; H, inside — H, outside (38) 
as it should. 
From Section 6.2.3 we have, at r = R, 
4i,R7b . : 
Ho outside — Ho inside = = = sin p@ sin wt 
> [K,(bR)1,(sbR) — K;(sbR)L,(sbR)] sin sbl cos sbz 
Aes p if 
a i, sin pO sin wt > 5 sin sbl cos sbz = i, sin pO sin wt (39) 


which is the assigned current density. 
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THE GAIN OF TRAVELLING-WAVE FERROMAGNETIC AMPLIFIERS 


iS By P. J. B. CLARRICOATS, B.Sc.(Eng.), Ph.D. 


SUMMARY 


= The Paper describes a general perturbation method for determining 
t the gain of travelling-wave ferromagnetic amplifiers. By use of the 
method, the gain is determined for an-amplifier employing a circular 
4 waveguide and an axial ferrite rod of small cross-section. The 
; efficiency of such an amplifier is shown to be low, and a practical 
version would demand the use of larger rod cross-section and/or a 
. slow-wave structure. Other possible waveguide configurations for 
amplifiers are briefly mentioned, together with certain practical aspects 
_of construction. 


LIST OF PRINCIPAL SYMBOLS 


Numbers refer to the equations in which a s 
; ¢ ymbol first appears. 
Suffixes 1 and 2 refer to signal and idler frequencies w, and oe 


Ne SOE NA 


Qn» O1ns Arn, br, = Amplitude coefficients appearing in 
; expansion of the perturbed fields. 
. (7), (8). 
~— Ajy, Bins Arn, Bon = Amplitude coefficients related to a,,,, bj, 
: etc. (36), (37). 
re Ex1,2, E,2 = Transverse and longitudinal components 
3 e “a of electric field. (1). 
| Ey1,2, E.,2 = Transverse and longitudinal components 
E. of electric field external to ferrite. 
(31)-(33). 
m = 1, 2, 3, 4 = Integrals defined by eqns. (38) and (39). 
| ti, f2 = Integrals defined by eqns. (62) and (63). 
Ginn m = 1, 2, 3, 4 = Integrals defined by eqns. (38) and (39). 
g = Gain of amplifier. (74). 
Ay1,2, H.1,2 = Transverse and longitudinal components 
of magnetic field. (1). 
H, = Magnetic field at pump frequency w. 
(26). 
Hy = Static magnetic field. (26). 
m = 1, 2, 3, 4 = Integrals obtained by replacing the suffix 
1 by 2, and vice versa, in eqn. (54). 
K,,y = Wavenumbers in unperturbed waveguide. 
(65), (66). 
Mn,2, M.x,2 = Transverse and longitudinal components 
of magnetization. (3), (5). 
M, = Magnetization at pump frequency w. 
(26). 
M, = Static magnetization. (26). 

Mox, Moz = Component of pump magnetization 
divided by the static magnetization Mp. 
(27)-(29). 

= Demagnetizing and depolarizing factors. 
(27)-(29). 
P14,2, P1,2 = Transverse and longitudinal components 
of polarization. (4), (6). 
ro = Radius of rod and waveguide. (69). 


ag 


min? 


[ 


mn? 


X97 
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S’, S = Cross-sectional area of ferrite and wave- 
guide. (15). 
a, &,, % = Attenuation coefficients of perturbed 
mode and unperturbed modes at fre- 
quencies w, and w,. (36), (45), (54). 
B, Bis B2, Bins Ban = Phase-change coefficients of pump, signal, 
idler and unperturbed modes. (39), 
(36), (37), (7), (8). 
Aim Azm = Integrals representing total power flow in 
unperturbed modes. (21), (22). 
Nxx> Nxy, etc. = Coefficients relating the polarization to 
the external electric field by eqns. (31)- 
(33). 
6, = |y|H,/Aw. (78). 
= Damping coefficient. (26). 
P1,2 = Functions defined by eqn. (57). 
#1,2 = Solutions of the growth equation. (57). 
Xxx» Xxy, etc. = Coefficients relating the magnetization to 
the external magnetic field by eqns. 
(27)-(29). 
@ 1, W2 = Pump, signal and idler frequencies. 
®o =|y|H,, where H, is the applied static 
magnetic field. (26). 
wry = |y|Moluo, where Mg is the static mag- 
netization. (26). 
Wp = Ferromagnetic resonance frequency. (26). 
Aw = Frequency line width of ferromagnetic 
resonance. (27)-(29). 


Wh» 


(1) INTRODUCTION 


In a recent article, Tien and Suhl! describe the principles 
underlying the operation of a travelling-wave ferromagnetic 
amplifier. They first treat the general case of a pair of coupled 
transmission lines with time-varying coupling, similar to the 
suggestion of Cullen.2 Secondly, they consider as a specific 
microwave model a pair of transmission lines embedded in a 
ferrite-filled circular waveguide. The maximum gain of their 
model amplifier is found to be 1 dB/in. 

The main purpose of this paper is to develop a theory which 
enables the gain of a more physically realizable amplifier to be 
determined. This theory is then used to calculate the gain in a 
specific case. Although the result indicates that the particular 
configuration chosen is unsuitable as a practical amplifier, a 
number of ways for improving performance are revealed. If 
these improvements were to be embodied, a practical travelling- 
wave ferromagnetic amplifier could be built. The paper con- 
cludes with a brief discussion of two other travelling-wave 
amplifier configurations, together with certain practical aspects 
of construction. 

(2) GENERAL PERTURBATION METHOD FOR 
DETERMINING AMPLIFIER GAIN 
(2.1) Outline of the Method 


The basic principles underlying the operation of ferromagnetic 
amplifiers have been previously described by Suhl.? He has 
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shown that amplification arises from a regenerative action 
involving components of the r.f. maghetization at the signal 
frequency w, and idler frequency w,. The magnetization must 
be driven in a state of uniform precession at a frequency 
Wy = Wy + W, henceforth referred to as the pump frequency. 
In order to determine the oscillation threshold or gain of a ferro- 
magnetic amplifier, expressions must be obtained which relate the 
amplitudes of the signal and idler modes. For sufficiently simple 
structures these expressions can be derived from solutions of the 
equation of motion of the magnetization and of Maxwell’s 
equations. An example of this kind is to be found in the paper 
by Tien and Suhl,! on travelling-wave ferromagnetic amplifiers. 
For more complicated structures the expressions can be derived 
using perturbation theory. Suhl3 has described in detail such 
an analysis for an amplifier employing an ellipsoidal ferrite in a 
resonant cavity. The present paper provides a perturbation 
method which enables the gain of travelling-wave amplifiers to 
be determined. 

The method is similar to that employed by Suhl and Walker* 
in their treatment of conventional propagation problems 
involving ferrites in waveguides. The essential differences 
between the two methods spring from the present use of 
transverse magnetization and the appearance of additional com- 
ponents of magnetization at frequency w,, arising from fields at 
frequency w,, and vice versa. In the absence of the pump, the 
analysis merely leads to expressions for the attenuation and 
phase-change coefficients of waves at frequencies w, and w>. 
The introduction of the pump couples the signal and idler waves, 
giving rise to a pair of generalized modes. Each such mode is 
comprised of joint signal and idler fields in a definite ratio. As 
the pump power is increased, the attenuation coefficient of one 
of these modes decreases to zero. A further increase in pump 
power then causes the amplitude of the mode to increase with 
distance along the waveguide. The stages in the analysis are 
summarized below: 


(a) Statement of Maxwell’s equations for signal and idler fields 
within the ferrite, written in a form where the perturbation terms 
are separate. 

(b) Expansion of signal and idler fields in terms of the normal 
mode fields of the unperturbed structure. 


(c) Formulation of equations which enable the amplitudes of 
these normal mode fields to be determined. 

(d) Formulation of expressions for the magnetization and 
polarization in terms of the normal mode fields. 


_ (e) Formulation of the equation for the growth factor of the joint 
signal and idler modes. 


(2.2) Perturbation Expression for the Amplifier Gain 


(2.2.1) Statement of Maxwell’s Equations for Signal and Idler Modes. 
The waveguide configuration under discussion is shown in 
Bigg | webhe ferrite is magnetized in a direction transverse to 
that of propagation of the signal, idler and pump modes, which 
have frequencies w,;, w, and Ww, respectively. For the signal 
mode Maxwell’s equations can be written in terms of the trans- 
verse and longitudinal parts as follows: 
al 
(Vv. an i=) x (Ey + Ey) = 
Zz . 
— jo, (HoH + My) + (uo + Mz)] (1) 


5 @ 
(Ve +i5) x Ha + Ha) 
Zz . 
= joy |(eoF + Pr) + (Ey +Pa)] (2) 
On separation into longitudinal and transverse components, 


arr: | : 
Vi X Ey +i, X qin + JwipoHy = —jw,My . (3) 
4 
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Fig. 1.—General waveguide arrangement for transverse-field 
ferrite amplifier. 


A d ‘ : i 
Vix bye qila — jo,€9Ey = joPy (4) 
Vi X Ey + j@YoHn = — joi;My . (5) 
V; x Ay — jJ@,€gE4 = jw,Py * . . . (6) 


A similar set of equations can be formed for the idler fields, 
merely by transposing the suffixes 1 and 2 throughout. 


(2.2.2) Expansion of Perturbed Fields. 


It can be seen that eqns. (3)-(6) are written so that their right- 
hand sides contain magnetization and polarization terms which 
represent the perturbation caused by the introduction of the 


ferrite into region Gd) of Fig. 1. The left-hand sides contain 


the perturbed fields. These fields can now be expanded in terms 
of the normal mode fields of the unperturbed structure. The 
normal mode fields E,,,¢—/%1m7, Hy,¢~7©12, satisfy the unperturbed 
forms of eqns. (3)-(6), i.e. when their right-hand sides are zero: 


Ey = > QA Z)E a(x, y) . . ° ° (7) 


Ay or Re: by QA, y) . . . : (8) 
Similarly for E,. and H,. 


(2.2.3) Formation of Equations for Amplitudes ajn, bin, a2n, b2n- 


E,, and H,, can be eliminated from eqns. (3) and (4) by 
substitution from eqns. (5) and (6): 


Va x Hy, — jw,P 
1X (V, mek ati hot 1) +i, vee a 
JM 1&9 d, 
+ jw poy = —jo;My (9) 


—Vz < (WV; X Ey + jw,M,) ' d 
J@ [Ko eee qt 
— jojegEy = jw Py (10) 
Also, for the nth normal mode, 
Vi X (WS Baa) oclpek : 
f i : IB iniz x Eyin + Jo Poin =0 qd 1) 
—V x (V. xX E, tn) S ° = 
: ath : Birds x Ay, — j@,€oEsin =0 (12) 


where f,,, is the propagation coefficient of this mode. 


On substituting eqns. (7), (8), 


and (10), (11) and (12) into eqns. (9) 


: d : 
x (WBinbin += ai,) 1, X Egy = —jo,My + Mehta (13) 
2 1) 
4 d : 
Dy (iBintin + 5b) 1X Ayn =f, Py + yay (14) 
E n Zz Ho 
The orthogonality condition 
: 0, ; 
i E Eytm X HgigdS = | ages 
E s Ain» (m = n), (real) 


_may now be applied to eqns. (13) and (14) as follows. Scalar 
multiply eqn. (13) by H,4,, and the complex conjugate of eqn. (14) 
Bby E,1m and integrate over the waveguide cross-section S. Then, 
: if S’ is the ferrite cross-section, 


‘ d : 
: x (iBinbin a F4,) [i . Evin x AyimadS 


Vi X Pas dS (15) 
i) 


= — J, | Hain MadS + [ ihn 
s’ 
. 


; : d s 
x (—sBinat, ‘ie Zin) fi . Exim x AyindS 


4 V, x MS 


== jo, i | ORD ope A =| ee Ads (16) 
s’ S’ Ho 


* 
= joy nie stats + | yin - t xPay 
€ 
S' 


(i a is 0 
: (1Pinbin + Zain) = ek 
(17) 
* 
Jo, |. Paas -| Erin Vix Mj dS 
(-#8 a* + 5%) a Ss’ ta Fo 
sina ann Ain 
(18) 


By use of the identity 
| @. V,  Fi,dS = | Fi,.V, x Grds —4 FG ids 
So So 


where the line integral is taken over the boundary of the surface 
So (which lies in the transverse plane), it follows that 


een -V; X Pads = | | age) VND a ° bee i $ PH iin . 4s 
Ss’ Ss’ 


=| P., Vi Xx Find 
s’ 


since P,, = 0 outside the ferrite.j If S’ and S coincide, the 
equation still holds since E, = 0 on the waveguide periphery. 

Now V, X Ayin = — /@1€0E Ani. from Maxwell’s equations; 
therefore 


| Hyin . V; x Pa as pace | Bae jo | Py Enns ’ (19) 
Ss a 5 


+ The surface of integration in eqns. (15)—(18) is that of the waveguide cross-section; 
thus the boundary for the line integral is the waveguide periphery. 
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Similarly it can be shown that 


Enn»- Vi X Mi 
| Gain ee las = — jo | M#H,1,dS . (20) 


Fo 
res 


Eqns. (17) and (18) then become 


: d 
IBinbin + ad Ea ak | [te ~My + ESP .)d5] (21) 


and 


_ joy 


: d 
“Bint + 5 bi =| [ Can PA + HewMAAS] 22) 


Since A,,, is real, the complex conjugate of eqn. (22) is given by 


, d 
IB in@in + aom eens re [eA Py + H5i,M_)d5] (23) 
Now, although eqns. (21) and (23) (and a similar pair for the 
idler mode) are exact, they still contain the unknown magnetiza- 
tion and polarization. To determine aj, and b,, from the 
above equations these unknown quantities must first be expressed 
in terms of the fields external to the ferrite. Then, provided 
that the ferrite only slightly perturbs the field in the empty 
waveguide, the external fields can be represented by the first 
term in the normal-mode field expansions of eqns. (7) and (8). 
In this way eqns. (21) and (23) can be written solely in terms of 
41y; 51, and the known normal-mode fields. 


(2.2.4) Expressions for the Magnetization and Polarization in Terms 
of the Normal-Mode Fields. 

Provided that the unperturbed field is almost uniform over 
the region S’ and that transverse propagation effects within the 
ferrite are negligible, a simple quasi-static method may be 
employed in the evaluation of the magnetization and polariza- 
tion. Under the above conditions the internal fields H;; and 
E, can be related to the external fields H,; and E,; by the 
equations 


N.M, 
Hy = Hy -—— (24) 
Bo 
N,P; 
and Ey = Ej = ed (25) 
0 


j =x, y, z, and N; is a factor which depends only on the ferrite 
geometry. The transverse magnetization M,1,2 is assumed to 
be related to the internal magnetic fields at frequencies w1, w 
and w through the equation 


dM, 
dt 

M=M,+ M(@, w) + M(z, #1) + M(z, 2) 
H = Hy + H(z, w) + A(z, w;) + A, 2) 
and all time-dependent quantities have the form F(w) = Fe/ot 
+ F*e—jot, Also, if the conservation condition Mj = MZ 
+ M2 + M? is assumed to be satisfied throughout the motion 
of the magnetization, it is readily established (see Appendix 7.1) 
that 


= y(M x H) — AM, (26) 


where 


My, = X ext Ae le Xi se XH (27) 
M, —— XH wa X,.HS (28) 
My == Xe Aes a5 Xt ah XH (29) 
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The bar over a field component denotes external field and the 
coefficients X,.,., etc., are given by 


Xxx1 _ OM Mo + we (N, — Ny) Xx joy(, — JA) 
Ho wr — wr +2jrw, > bo OR T+ 2jrAw 
X71 bay Wy ®o a3 wi (Nx =x N,) 
Ho We — wt + 2jday 
Xxyt _ Mox@y [Bo + OM (Nz —Ny)] + Jo-eom 1 =i) 
ine w% — wi + 2jAw, 
Xy1 M20 [Go + Om (Nx — N,y)] = j19x@m (1 — jr) 
hey wr, — wi + 2jro, 
yH, [jay + wy(N, — Ny) cos « — sin «| 
Mx >=. 
Aw Wr 
yH, [j@y + wu(N, — Ny) sin x + cos ] 
Moz = 
Aw WR 


w, = [Go + (N, — Nom |[@o + (Nz — Nou), 0 = |y|Ha 
a = arc tan (H,,/H,x) 
H, = (HZ. ai Het 


1 + W2 = W, = wp (ie. the static field is adjusted so that the 
resonance frequency we coincides with the pump frequency Wp). 
If damping is neglected at the signal and idler frequencies, 1.e. 
A =0, the coefficients X,y2/M9 and X,y/o are obtained on 
replacing w, and wy in X,,1/M9 and X,,;/49 respectively. This 
simplification is permissible since it is assumed that w} — wi > 
> 2A, >—i.e. neither the signal nor the idler frequency is close 
to the resonance frequency. The equations corresponding to 
(27)-(29) for the idler magnetization components are obtained 
transposing the suffixes 1 and 2 throughout. 

The polarization components can also be written in terms of 
the external electric field components by using eqn. (25) together 
with the equation 


where 


Pi = (€ — © )E; (30) 
Then Fi NrxExt,2 (31) 
Py1,2 = NyyEy1,2 (32) 
Pit,2 = NezEn, 2 (33) 
€—eE : 
where UF z =e Gi =x, y, Z) 
if te 0 N; 
1) 


As the magnetization and polarization appear in eqns. (21) and 
(23) in perturbation terms, it suffices in their determination to 
approximate the external fields E,,, E,,, Hj, and A, by the 
dominant normal mode fields, using eqns. (7) and (8). Thus, 
on retaining just the term n = 1 in the expansions, 


Ey = 4yEyy, E,, = by En (34) 
Ay = by Any, Ay = 44,211 (35) 


In general, the coefficients a,, and b,, have z dependence 
expressed by 


and 


a,,(2) a Ss Ape + Hbvd2 (36) 
a 


b,, (2) = >} By, 6 & tev (37) 
ax 

and similarly for a>,(z), b,(z) with the same values of « as 

above though with phase-change coefficient 8}. The summa- 

tion refers to different solutions of the characteristic equation (Sis 
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which determines the possible values of « common to Ay y(Z)>, 
by,(Z)» Gon(Z) and b>,(z). By using eqns. (34) and (35), the 
magnetization and polarization components in eqns. (27)-(29) 
and (31)-(33) can be expressed in terms of the normal-mode 
field functions and the coefficient A,;, B,,, etc. Finally, on 
substitution for M,, M,;, Pa and P.;, eqns. (21) and (23) 
become 

- Jo * T7* 
IB inBin —(@ +iPDAin = — Tet | [Bi Hen +X xy Bz, Ay 

+ XA AeivAgin + Xy2B3) Heat 


+X 245, HAD Ayn + NezBirEs1EAn|dS (38) 


(a 
IP inAin ms (a + iP) Bin a | itd Bas Ei 


+ NyAyEy Ein + (— Xx Biren | 
AX BES: + Xe AnHadHAnldS (9) 


In expressing eqns. (38) and (39) it has been assumed that the: 
attenuation coefficient of the pump is zero and the phase-change : 
coefficient satisfies the relation B = 8, + P,. Then since the: 
coefficients X,1,2X.1,2 contain a dependence e/* arising; 
from the pump field H,, terms such as X,,,.H* contain a z-depen- ; 
dence factor e/(@—6)2 — e—J%z, In this way all terms in. 
eqns. (21) and (23) have a dependence e~/#7, Although Tien? 
has discussed in general the performance of travelling-wave : 
amplifiers in which 8 = 8; + 8, + AB, the above restriction is. 
an optimum one and should not be difficult to satisfy in practice} 
Before continuing with the analysis, it is appropriate to 
examine the significance of eqns. (37) and (38). When the. 
pump is absent, those terms vanish, in the above equations, 
which contain the dominant normal-mode components of the | 
idler field, H,.,;, H,., and H,,,;. This follows from the depen- | 
dence of the cross-coupling susceptibility coefficients X,,,, X52, 
etc., on the existence of the pump. These equations then enable 
the small change in the propagation coefficient of the signal 
mode, caused by the introduction of the ferrite into the wave- 
guide, to be determined. The slight change in the relative 
amplitudes of the normal-mode electric and magnetic field 
components A,,/B,; can also be obtained. A pair of equations 
similar to eqns. (38) and (39) allow corresponding information 
to be determined for the idler mode. This use of perturbation 
methods for evaluating the propagation coefficients of waveguides 
containing ferrites has been extensively described by Suhl and 
Walker* and by the author.?)!°_ When the pump is applied at 
a frequency w, = w, + w, (which is also equal to the ferro- 
magnetic resonance frequency wz) cross-coupling between signal 
and idler fields occurs. The amplitude of the field at frequency 
w, is dependent upon that of the field at w,, and vice versa. 
Furthermore, if the condition 8; + B, = f is satisfied, the con- 
tribution to the magnetization at frequency w, which arises 
from idler fields at frequency w,, remains in phase for all values 
of z with that which arises from the signal. It transpires that 
the signal and idler fields jointly form a pair of modes. The 
attenuation coefficients of these modes, ¢, and 45, can be 
determined from eqns. (38) and (39), together with the corre- 
sponding equations for the idler. In the limit of vanishing 
pump, these coefficients correspond to «, and a, and are 
appropriate to the signal and idler modes alone. When the 
pump power is small, only a small proportion of the field at 
frequency w, has an attenuation coefficient ¢, (which is then 
nearly equal to «,), and vice versa. As the pump power increases 
the smaller of the attenuation coefficients $1, $5 decreases while 
the other increases. In general the relative proportions of the 


ields at frequencies w, and w, which have attenuation coefti- 
ents $y, or $y are determined uniquely by the above equations. 
it is the purpose of the next Section to establish expressions for 
1 and # in terms of the ferrite and waveguide geometry, the 
intrinsic properties of the ferrite and the frequencies w, and W>. 


2.2.5) Formation of the Equati i 
4 Seay quation for the Growth of the Signal and 


i Egns. (38) and (39) can be rewritten in a more compact form: 
FBinBin —(@ + 98) Ain = JF 1,By 

i + JF n Ay, + JG 1n BZ, + JGz,A3, (40) 
4 IBinAin — (& + JB) Bin =JF 3B 11 + iF 4p Att +JG@3,B3, (41) 


where the integrals Fj,, Fy,, etc., G1, Gon» G3, are defined by 
“eqns. (38) and (39). A similar pair of equations for the idler 
mode is obtained by transposing the suffixes 1 by 2 appropriately. 
If the pump is absent, the above equations reduce to 


IB inBin — (% + jBDAin = JF ipBu1 + JFo,Aiy (42) 
4 WBinAin — (% + 7B,)Bi, = IF 5,By, + iy Ay (43) 


4 On putting m = 1 and neglecting second-order quantities, it 


can readily be shown that 


RPO 


‘hgh 


a By — By = — 4&4, +Fy + Fy + Fd (44) 

: a= a = FIP + Fy t+ Fy t+ Fy) §©645) 

Ait (Fy) Fay) = Pia th Foy) 

; =14 46 
By 2Bi1 w 


ns 


_ Since in eqns. (40) and (41) F;,, Fy,, etc., Gy,,, Gr,, G3, are 
small, eqn. (46) enables one to write A;, = By, and similarly 
_A3, = Bj, on the right-hand sides of those equations. Then 
_if n = 1, and for convenience, the additional suffix is dropped: 


iB1:By, — (« + JB) Ay =F + FB, + i(G, + G)BZ (47) 
HBA, — (@ +78) B; =i(F; + Fy) B, + jG;Bz . (48) 


On multiplying eqn. (47) by (« + jB,) and eqn. (48) by jByy, 
adding and neglecting second-order quantities, 


— BF, — (« + 78)? = JP 1 a 
Bt ‘s 
Eaeee aig Fa) +1G, +64 6) | (49) 


Eqn. (49) can be rearranged and simplified using eqns. (44) and 
(45) as follows: 


B2 — B2, — 2jaB, ~ 2Bi1(P1 — Bid — 2joBy4 (50) 
Then 
281108; — Bi) — 27oeBu + BiG te + Fs + Fa) pe 
= = PylGy + Gy + GR (51) 
2jo,B11 — 2ieBiy = — Bis(Gy + G2 + CDR (52) 
BS 
2a = a) = j(G,; =- G, + G3) p- . . (53) 


1 


Similarly from the corresponding equations for the idler mode: 
B* 
Aa — «) =f, +h + h) 3p (54) 


where the functions J;, 1,, /3, are obtained by transposing 
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suffixes 1 and 2 in G,, Gy, G3. Eqns. (53) and (54) enable the 
attenuation coefficient «, to be determined together with B,/B>. 


By. Aer-—o) .  —f0R +1419 
By j(G; + G, + G)) 2(a —«) 
whereby 

A(x — 0L)( 65 — ct) = (G, + G, + G3)U;* + by + TS) (56) 


Eqn. (56) can be rewritten as 


Thus 


(55) 


a — (or + ag)a + x02 — pyp¥ = 0 
Py = HG, + Gy + G3) 
p2 = 40, + + 4s) 


Eqn. (57) has two roots ¢,, ¢ >, which, in the absence of the 
pump, correspond to «, and ~). When the pump is introduced 
the mode corresponding to the attenuation coefficient g, com- 
prises a joint signal and idler field in the ratio given by eqn. (55) 
when « = $13 and similarly for the other mode. In general, 
both modes exist, so that the signal and idler fields both have 
parts with attenuation coefficients 4; and ¢). For example, in 
the region exterior to the ferrite, 


Ay = [Bigrye & + Hbv2 ike Big 2 +9? | Ay 
Hy = [Bose +JG2)2 1 Bogoye +5802] oy 


(57) 
where 


(58) 
(59) 


where Bey. 24 e)", SIG re ae) 
Bigiy (Gy + Gp + G3) (a2 — 1) 
Boi 6. eee, I ee) 
Biz) J(G,. + G2 + G3) 2(x2 — g2) 


As the pump field is increased, the smaller of the attenuation 
coefficients decreases and the other increases. Finally, a slight 
increase in pump field causes the former coefficient to change 
sign; then one part of the joint signal and idler field grows with 
distance. It is only this part which is important in travelling- 
wave amplifiers. The condition for growth is that 


PiP2 > %1% (60) 


This condition may be compared with that for oscillation in a 
cavity-type ferromagnetic amplifier? There the inequality is 
given by 
my WwW; W2 
> (61) 
lee 500.0; 
p; and p> are similar to py and p, in eqn. (60); also as w,/2Q, 
and w,/2Q, are the decay coefficients (with time) of the fields 
in the cavity when the pump is absent, the comparison is close. 


(3) GAIN OF FERROMAGNETIC AMPLIFIER EMPLOYING 
THIN FERRITE ROD IN CIRCULAR WAVEGUIDE 

The particular amplifier configuration whose properties are 
now to be discussed is shown in Fig. 2. Pump, signal and idler 
modes are assumed to be of the modified H,, type. The pump 
and signal modes are polarized, so that the transverse Ife 
magnetic field on axis has only an x-component, while the idler 
mode has only a y-component. The ferrite cross-section 1s 
assumed to be sufficiently small for transverse propagation 
effects within the ferrite to be neglected. Also, the integrals G,, 
G,, etc., I,, Ih, etc., can then be replaced by the values of their 
respective integrands on axis, multiplied by the cross-sectional 
area of the ferrite. For the signal mode, Ay, Hei, Ext, 
E,,; are assumed zero in that region of the unperturbed structure 


4 


which the ferrite occupies when the rest of the structure is per- 
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Fig. 2.—Transverse-field ferrite amplifier employing thin ferrite rod in 
circular waveguide. 


turbed. In a similar manner, H,7;, H,21, Ey21 and E71 are 
assumed zero for the idler mode. Under these conditions only 
G, and J, are non-zero and are given byt 


se ets H*, He ,dS 
Gre AEF fail 
a ar Xx (62) 
ae 7 H*, H* dS 
I, er Vie S y2i= oh 
ae Xxy1 ahr (63) 
whence Pips = AX Pormoh (64) 
It is shown in Appendix 7.2 that 
uz — 1)J?(u 
An = | Gn xX Ay) .i,dS = tell aad (65) 
S 1 
where J(u) =0 
9: AD De ace uF 
Ki = @7€oo — Bi = re 
ea aS 1 J2 
Similarly, Ay = Ia itv) (66) 
2 
7) 
where K} = wreouy — 63, = = 
0 


Now, on the waveguide axis, the signal and idler fields can be 
written 


Fy, = fu (67) 

Ay, = ea (68) 

Then G 2s 7 ‘i (2) ia tl Ta (69) 
fin % me G: C= oa mM 


+ For the purpose of the present analysis there is no virtue in writing Hz11, Hy21 
as complex quantities since they are components of linearly polarized fields. ow- 
ever, the more general form chosen is helpful in understanding qualitatively the 
behaviour of travelling-wave amplifiers employing longitudinal magnetization and 
circularly polarized pump, signal and idler waves. A perturbation method similar 
to that just described could in fact be used to determine quantitatively the gain of 
such an amplifier. 


CLARRICOATS: THE GAIN OF TRAVELLING-WAVE FERR: 


OMAGNETIC AMPLIFIERS 


2 2 
(Buta) [a= ora) 
oy and (p,p*) > Hay — &)? 
by ~ (aya)? — (pypz)'? 2. we GF 
go % (ceyoq)"? + (pips? . . - . CB 


For gain, pp > 0%, ¢, is negative and the signal and idler 
grow with distance. The gain in nepers per unit length, g, 


given by (74) 


Xi 
0 


% 1 
and = pip2 = G 


If a, pi 


g = (p1ps)'!? — (cc4a)"? 


1 [Xt] (P11 Bai “ "1 uy — (oty%5)'/2 (75) 
sate 8 Ho ( ae) = (ut — 1) J? (uy) ‘ | 


If the pump field has H,, = 0 in the neighbourhood of t 
ferrite, 


Ty Apx @o + wy (N, a Ny) 7 
Mox hae Wp ( 6) 
Mo, = age ° . . ° . ° (77) 


On putting A = 0, and substituting for mo, and mo, in X,51/Mos. 


{les + ou, — NYP wo} | 
Xxy1 _ SY Apx ss (78); 
FP Zig 
Fo Aw nied | t 
yl Ele | 
if Acne 6, 
D N, —N,)? + @,0 
X11 i) 8 cy qh 22 + == = at i*“R (79) 
Ho 2 1 

Finally the expression for gain becomes 
16, [Go + em, — NP + wir 
gts (wi, — w3)wWe 


2 


2 f 
(BuBad"? (=) COR — (a)? (80) 


For the structure of Fig. 2, N, =0, N,=4 and w= 
@o(@p — Wyy/2). Furthermore, if w; = w>, then «, = a and 


9 Om 309 — Wy A ur ali 
& Seige 12a Bue (ut — 1)J?(u) ; 


(81) 


Eqn. (80) can be compared with eqn. (48) of Reference 1, 
where an expression is given for the gain of a travelling-wave 
ferrite amplifier of a more simple although less realistic kind 
(see Fig. 3 of Reference 1). This gain expression is reproduced 
below: 

WwW 
g = Oy (BuBa'? — (cron? ss 82) 
The essential differences between eqns. (80) and (82) are attri- 
buted to two causes: 


(a) The appearance in eqn. (80) of a factor which expresses the 
reduced energy density in the ferrite, characterized principally by 
the term (rj/ro)2. 

(b) The appearance of a factor which arises from the r.f. demag- 
netizing fields at the pump, signal and idler frequencies. In their 
analysis, Tien and Suhl! neglected these effects and assumed that 
the induced pump magnetization was circularly polarized. 


{ Because the magnetization is not circularly polarized 6, only provides a measure 
of the mean precession angle. 


In both in i i 
° eee oe aM increases with Os, @jyy and the product 
n1P21- A ugh at first sight it might appear that 0, could 
indefinitely increased either by increasing the pump field or 
y reducing the linewidth Aw, this is in fact not so. Suhlé has 
shown that when 
Aa 12 


: area e a 33 (83)t 


an instability of the magnetization occurs which prevents any 
further increase in 6, and thus imposes a ceiling on the gain. 
In determining this gain ceiling, one can substitute for 6, from 
€qn. (83) directly into eqns. (80)-(81). However, it is important 


fC 


to note that the gain can be limited for a different reason, which 
must be borne in mind when making such a substitution. This 
is the limitation due to heating of the ferrite. Since the power 
dissipated in the ferrite under the above conditions is propor- 
tional to Aw”, it is clear that the gain cannot be indefinitely 
‘increased by increasing the ferrite linewidth. In fact, for 
‘polycrystalline ferrites (which have linewidths of the order of 
100 oersteds) the limitation due to saturation of the resonance 
will not be reached because of ferrite heating. It is important 
to note that eqn. (83) imposes a fundamental limitation on the 
gain, while the heating problem merely imposes a technological 
limitation. Clearly the degree to which the gain ceiling due to 
pump saturation can be approached depends on the amount of 
cooling which exists as well as on the actual sample linewidth. 
_ While, in principle, the gain could be increased by increasing 
“@ yz, 1.e. by increasing the saturation magnetization, in practice 
‘@y and Aw are not independent parameters and in fact increase 
‘together. Thus, in choosing a particular ferrite for a travelling- 
wave amplifier, both w,, and Aw must be considered. In 
passing, it may be noted that there is some evidence suggesting 
that for certain ferrites wy, and Aw are proportional. 
_ The factors which appear to offer the greatest possibility for 
‘improving the gain of the amplifier are the product f,8>,, 
‘together with the energy density factor, which for thin rods is 
‘characterized by the term (r,/ro)?.. The first of these factors is 
common to Tien and Suhl’s model and that of the present con- 
figuration. If a slow-wave structure could be employed in place 
_of the circular waveguide, an improvement in gain of the order 
of 10 should be quite readily attained. There is substantial 
evidence elsewhere’ which shows that, for other than thin rods, 
the energy density does not depend on r,/rp through a square-law 
factor. In fact for most ferrites, when r,/ro ~ 0:35, and if 
FolAp ~ 0:5, nearly all the energy flows through the rod. Thus 
“a gain comparable with that of the simple Tien and Suhl model 
should be achieved without using a waveguide filled with ferrite. 
To complete the discussion of this Section the gain ceiling of 
the amplifier of Fig. 2 is approximately determined using 
eqns. (81) and (83). The following parameters are assumed, 
and for convenience in interpretation the C.G.S. system of units 
is employed: 

Wpl2r =9Ge/s, wyy/27 = 11-2Ge/s (My = 4000 gauss), 
@o/2m = 12:2Gc/s (H, = 4350 oersteds), Aw/27 = 0:36 Ge/s 
(AH ~ 130 oersteds), €”’/e’ = 0-001, rj/ro = 0°2 (which about 
represents the limit of accuracy of the perturbation method), 
2rp = 0-875in: whereby f,, ~ 1 radian/em, 3a — wys)/12ao 
~ 0-17, 0, = 0-36 [from eqn. (83), Daz fOp = 0°92. 

If losses in the absence of the pump are assumed to be of 
dielectric origin only, «; = 0:001 neper/em. The gain ceiling 
is then (0:0085 — 0-001) neper/cm, or, expressed in practical 
terms, 0:16dB/in. Although this amount of gain is too low 
to be useful, it is stressed that by increasing the rod diameter by 
a factor of 2 the gain in decibels will increase by a factor of 


rs to a circularly polarized 


+ i 6, refe 
t The expression quoted by Suhl in Reference ‘Also, Suhl uses AH as the 


pump field; this accounts for the factor 2 in eqn. (83). 
half-linewidth. 
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about 20. Moreover, if a further factor of 10 could be obtained 
by using a slow-wave structure, a gain ceiling of about 30 dB/in 
would be finally achieved. However, it must be pointed out 
that, for the above ferrite, the gain ceiling could not be usefully 
realized because of heating. An approximate calculation® based 
on a mean power dissipation of 200 W/cm? shows that a duty 
factor of 1 : 50000 would be required for a gain of 30dB/in. 
On reducing the above value of 6, by a factor of 10, ie. by 
reducing the pump power by a factor of 100, a gain of 3 dB/in 
could be realized. With the same maximum power dissipation 
as above, a duty factor of 1 : 500 would be required. 


(4) OTHER WAVEGUIDE CONFIGURATIONS FOR 
AMPLIFIERS AND PRACTICAL CONSIDERATIONS 


Fig. 3 shows two further configurations for microwave 
amplification. 

In the configuration of Fig. 3(a) the signal and idler modes are 

circularly polarized H,,-type coupled by the uniform precession. 


FERRITE 
TUBE 


(a) 


WAVEGUIDE 
AXIS 


CIRCULAR WAVEGUIDE SUPPORTING 
CIRCULARLY POLARIZED PUMP, 
SIGNAL AND IDLER MODES 


2) 


FERRITE SLAB 


SQUARE WAVEGUIDE SUPPORTING 
PUMP, SIGNAL AND {DLER MODES 


Fig. 3.—Alternative ferrite amplifier configurations. 


This is excited by another circularly polarized H,;-type mode at 
frequency w; + w>. Also, from a study of eqns. (38) and (39), 
it appears that signal and idler will have opposite senses of 
polarization. The amplifier operation relies on the existence of 
longitudinal and transverse components of r.f. magnetic field 
within the ferrite at frequencies w, and w . For this reason 
the tubular structure may be more advantageous than the rod, 
in which the longitudinal r.f. magnetic field is reduced.? Also, 
if the tube is in contact with the waveguide wall, the heating 
problem will be lessened. 

In the configuration of Fig. 3(d), the signal and idler modes are 
of the Ho, and HE;,-type, with the pump excited by an Ho,-mode 
at frequency w,; + >. If the ferrite represents only a small 
perturbation of the structure at the idler frequency, the mode 
is only slightly hybrid and strongly resembles the Hio mode. 
The gain of such a structure could be determined using the 
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method of Section 2. By placing the ferrite against the wave- 
guide wall, the heating factor would again be reduced. 

From a practical standpoint, it is essential that the amplifier 
should be short in length, since with a pump frequency of 9 Gc/s, 
a static magnetic field of about 4000 oersteds must be main- 
tained accurate to within +1%, over this length. As there 
seems no immediate question of using single-crystal ferrites for 
travelling-wave amplifiers of the present type, the ferrite length 
is not a limiting factor. In the example discussed in Section 3, 
the linewidth chosen corresponds to that of polycrystalline 
nickel-zinc ferrite. The narrowest linewidth measured for a 
polycrystalline garnet is about half the above value, i.e. 
60 oersteds. 


(5) CONCLUSIONS 


The analysis in Section 2 has enabled the gain of a physically 
realizable microwave amplifier to be determined, as in Section 3. 
Although the maximum gain of this amplifier is too low to be of 
practical importance, there are three ways in which the per- 
formance could be improved. These are summarized below: 


(a) Use of a slow-wave structure, e.g. corrugated waveguide or 
helix surrounding the ferrite. 

(b) Use of a ferrite or garnet rod of larger diameter. The only 
reason for specifying a thin rod in the calculation of Section 3 was 
in order that the theory should be valid and the result meaningful. 

(c) Use of a ferrite with large linewidth. A restriction is imposed 
by the need to dissipate the pump power in the ferrite (which is 
proportional to the square of the linewidth) without undue heating. 


Finally, it can be stated that travelling-wave ferrite amplifiers 
of the above type will necessarily remain pulse devices. Com- 
pared with cavity-type ferromagnetic amplifiers, the signal and 
idler energy densities in the ferrite are so low that, for appreciable 
gain, high pump powers are needed. Since only a certain 
amount of heat can be dissipated within the ferrite (depending 
on the thermal configuration), the maximum mean power per 
unit length of the amplifier is limited to about 20 W/in;°® there- 
fore the duty ratio will of necessity be of the order of 100. How- 
ever, the advantage of the travelling-wave type of amplifier over 
the cavity type is the wide bandwidth of operation. Bandwidths 
of the order of 100 Mc/s should easily be obtained; such figures 
compare with 1 Mc/s for a cavity amplifier. 
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(7) APPENDIX 


(7.1) The External Susceptibility of an Ellipsoidal Ferrite 


Consider the equation of motion [eqn. (84)] of the transverse: 
component My of the magnetization M, under the influence of 
a static field Hp (assumed to be z-directed), a pump field H,, aé 
signal field H,, and an idler field H.t 


dM _ 
ala 


y(M x H) — AMz 
where 
5 eos 
M(@,,) — My, 2€/°1 4 + MF. 5€ JO1,2t 
(a, >) = Hy, ,6F0 12! + Hf ,6 F012, Ww; — W2 = W, 


If terms with time dependence ¢/@'' are selected from eqn. (84) 
and M, made equal to M, (static magnetization), i.e. terms such} 
as M_,, MZ, neglected, then 


A + jwo)My, = 1 
: M, M | 
[Ma (Ho > Ne) + M, jes = (Hn ae we) 


= — @M,, + wyN,My, + yM,,H | 
+ wyboHy, — @uN,M,, (85) 


“ M 
where Wo = ly| Ho, ay = ly|— 
Ho 


On collecting terms and putting m9, = nvm 
0 
(A + jay)My, + @yMy(N, — NZ) 
+ @yMy, = — Oy boMyHA + wyboHy, (86) 
Similarly, 
(A + jo)My, wy My, (N,. 3 N,) oT! BN x1 
= + Wyo, — OyHoHy, (87) 
On writing 
Wg = Wo + wu (Ny ame N)); Wp = Wo + wy (N,. ise N,) 
wuho = Oy 
eqns. (86) and (87) become 
(A Us Jw)My, “i WM); ar ae Oy MoyHs ra Oy, (88) 
(A + jw)My, + My, = @ym,HS — Gy Ay (89) 
On solving for M,, and M,,, 
Ma = X eet Ay a Beret ae XH 2 (90) 
My, aon a Keppler + X yyy zi X yar (91) 


+ Ho, Hp, Hi, H> are fields external to the ferrite. The bar previously used to 
denote an external field is discarded. Also, the static field is chosen to be z-directed. 
since this is the form most generally taken. The transformation to the co-ordinates 
employed in the main text will be made at the end of this Appendix. 
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where 
Xt _ Wy Go + w3(N, — N,) Neg _ Wy Gig + w3,(N, — N,) (7.2) Evaluation of [ x Hf .idS 

io OR wt + Ol, * yw, — w? + Dwr, ay 

91 er, maa) From Maxwell’s equations, if E, = 0, 

Po ®R — wt + 2jdw,’ 
Y si E, = Se ee ne Hamre tO) 
Xa _ eles + om (Ny — N.)] + jmoyeoy(@y — J) 

Bo wh — wi + 2jrAw, ae 

x r ; H, = x Vi. sip (eu aan, Ae ee (oe) 
eevzl es + om (Ny — N,)] = jr. y(w, — int 
Eo OR — wf + 2jdoy _A solution of the wave equation in cylindrical co-ordinates 
WR = Wty = [Bo + wy(Ny — NJMGo + u(N, — NJ] Yields 

; : F us 

By virtue of the conservation condition, Hr, 0) = J,{Kr)e”® where K? = mo) 
‘_ 0 

M, = (M2 — M2,)!? 

* * Thus E x H* =| K2J’2(Kr) 4 2Ia(Kr) |, Bepo 

M.; = (™m9,Mx5 + MoyMy5) us t x CSE n C r) rn r2 ly, K*4 
F = i wi (N,— =N,)| + JMg yO 4 (W eae 2 Aro IP ( r) 
E wr, — wi — 2jAw, oe [4 HP Peas ik [xe| aga + BE Narada 
S  4 Moplor Bot whyNx — Nz)] = imtoo (2 +) pre (gy 

ge Je he x ) Un 
wh — wi — 2jrw, (x) 8 
, aX wp 
If X = 0, eqn. (92) reduces to aa 26] E (x) +? mE Jae mae 
My = = (58S ig Xy22H, yD) Sette tof (93) 4 


é 


where X,... and X,.. are obtained from X,,; and X,,,; on replacing jp, — j I Ex H* ids = mBwpg(uy — 1)JP(uy) 
ey by wy, ea KA 

Finally, if the following transformations are introduced, 

eqns. (27)-(29) are obtained: Kee Bri@ieolut — 1)J7(u4) 

4 

i, > H,, H, -> H,, H, > — H,, M, > M,, M, > M,, M, > 2S 
=f — My, N, —— N,, Ny —> N,, N, — Nj, aS x Ngee Koy Xr, aaa B, s By Wop(uz — 1)J?(uy) 
Xxez > Xxy, Xyz > Xzy K+ 


. —>X 


Xz? 


621.372.6 
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SUMMARY 


The natural frequencies of an electrical network are defined, and the 
number of these natural frequencies is called the order of complexity 
of the network. RLC networks are considered, and the order of com- 
plexity, o, is shown to be given by 

o=—Br,+N+S— Sc — Scr 
Here By is the number of inductors in the network, N is the number 
of nodes, S, Sc and Scr are the connectivities, i.e. the number of 
separate parts of, respectively, the given network and those sub- 
networks formed of the capacitors only and of the capacitors and 
resistors only. Other expressions for o are also obtained. 

It is shown that this order of complexity is also the number of 
arbitrary integration constants in the complete solution of the net- 
work equations, and the number of dynamically-independent network 
variables. Complete sets of such dynamically-independent variables 
are obtained by a process of elimination from the network equations. 
A particular type of complete set is classified topologically, such 
sets being made up of voltages across capacitors forming a forest 
of the capacitor-only network obtained by open-circuiting all the 
resistors and inductors, together with the currents through inductors 
forming a set of chords of the inductor-only network obtained by 
short-circuiting all the capacitors and resistors. 


LIST OF PRINCIPAL SYMBOLS 


A, = Incidence matrix. 
A = Reduced incidence matrix. 
A’ = Transpose of A. 
B = Chord-loop matrix. 
B = Number of branches in a network | 
Bc = Number of capacitors in Y- 
= Number of capacitors in Vo. 
Br, = Number of inductors in. ™ 
= Number of inductors in %,. 
Br = Number of resistors in 
= Number of resistors in Vp. 

DCy, = Diagonal sub-matrix of Y (D) corre- 
sponding to the capacitive chords of 
the tree 7, 

Diagonal sub-matrix of Yc(D) corre- 
sponding to the capacitor branches in 
the tree 7, 

D = Differential operator, d/dt. 
e,(t) = kth branch voltage generator. 
e(t) = Branch voltage generator vector. 
E(t) = Loop voltage generator vector. 
F = Columns of B corresponding to a set of 
chords. 
..., etc. = Sub-matrices of F. 
Fc, Fer = Forests of Ve, Nop. 
H(D) = 2B x 2B branch-equation matrix. 
Adj H(A) = Adjugate or adjoint of the matrix H(A). 


eee eee 


DC3s 


Fy, 
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d? ; 
[Adj HA)|@ = Be [Adj Hoy 


det H(D) = Determinant of H(D). 
i,(t) = kth branch current. 
i(t) = Branch-current vector. 
iz, ig, .. +, etc. = Sub-vectors of i. 
j,{t) = kth branch current generator. 
- j(t) = Branch current generator vector. 
J(t) = Nodal current generator vector. 
K = Columns of A corresponding to a tree. 
DL,., = Diagonal sub-matrix of Z,p(D) corre+ 
sponding to the inductive chords of the 
tree 7. 
DLz~ = Diagonal sub-matrix of Z,p(D) corre+ 
sponding to the inductor branches im 
the tree 7. 
M = Number of independent loops in a net~ 
work Aj 
Mc, Mer, Mf, etc. = Number of independent loops in the net 
works Vo, Vor, V7", etc. 
N = Number of nodes in a network ™ 
Nc; Ncr, Nj, etc. = Number of nodes in the networks Vo, 
NN, CR> MN;*, etc. 
MN = Typical RLC network. 

No, Nor, etc. = Networks formed from / by substituting 
open-circuits for those elements not 
denoted by the suffixes. 

No, Np, etc. = Networks formed from “by substituting 
short-circuits for those elements not 
denoted by the suffixes. 

P(A) = Nodal-admittance matrix. 

Reg = Diagonal sub-matrix of Z,,p(D) corre- 

sponding to resistive chords of the 
tree F.. 

Ree = Diagonal sub-matrix of Z,p(D) corre- 

sponding to resistor branches in the 
tree 7. 

S = Connectivity of a network 
Sc, Scr, Sf; etc. = Connectivities of the networks Wo, Vor. 
T’, ete. 

S = B x B matrix defined in Section 6.1. 

t = Time. 

T = Number of trees in a network 

T = B X B matrix defined in Section 6.1: 

also, in Section 6.2, the cut-set current 
generator vector, K~!J. 
J =A tree of a network VW, constructed as 
described in Section 6.2. 
v(t) = kth branch voltage. 
v(t) = Branch-voltage vector. 
., etc. = Sub-vectors of v(f). 
X = Columns of A corresponding to a set o 
chords. 
Y(D) = B x B operator matrix. 
ZyR(D) = B xX B operator matrix. 


Va, VE. - 


[ 174] 


: a, B, y, 8, «, © = Suffixes denoting the classification of net- 
work branches. 
o = Order of complexity of a network 
A= Complex-frequency variable. 
1, = Unit matrix of order o. 
- tc. = Unit matrices corresponding to the 
branches «, . . ., etc. 


Lees Cae 


(1) INTRODUCTION 


; The concept of the ‘natural frequencies’ of an electrical network 
arises from consideration of its transient behaviour. It is well 
known® that the solution of the network equations for any 
prescribed forcing function involves a particular integral and the 
complementary function. The complementary function will be 
made up of a number of exponential terms, the complex 
exponents of which are the natural frequencies. From the 
method of obtaining this complementary functiont we may 
obtain the well-known result that the natural frequencies are 
the roots of the determinant of the operator matrix of the net- 
work equations. The network equations usually considered are 
either the nodal-voltage equations or the loop-current equations, 
‘with the result that it is the roots of the determinants associated 
with them which have often been defined to be the natural 
frequencies of the network (see, for example, Chapter 5 of 
‘Reference 5). For the purpose of obtaining an accurate defini- 
tion of the natural frequencies, it seems reasonable to consider 
equations whose variables are such that a knowledge of their 
instantaneous values enables the instantaneous values of all the 
‘currents and voltages in the network to be calculated. This is 
not the case with either the nodal voltages or the loop currents. 
It is thus necessary first to frame the network equations in a form 
which involves all the network currents and voltages as dependent 
variables. In order to apply well-understood theory,* it is 
desirable to express these equations as a set of simultaneous 
‘differential equations, rather than in an integro-differential form 
so often used. Provided that these equations are of the lowest 
possible order, the roots of the associated determinant will be a 
‘set of natural frequencies which gives complete knowledge of 
the transient behaviour of the network. 

Because of the existence of algebraic relations between certain 
of the currents and voltages, e.g. the Kirchhoff constraints, it is 
not necessary in general to use a set of equations having all of 
the currents and voltages as dependent variables: We return to 
this later. 

In this paper we consider networks made up entirely of 
resistors, self-inductors and capacitors, i.e. RLC networks. We 
define a branch of such a network to be a single element: a 
resistor, an inductor or a capacitor. Then the branch currents 
and voltages form a complete set of currents and voltages of 
the network. We show that the network equations in terms of 
the branch currents and voltages may be expressed as a set of 
first-order differential equations, and so we get: 

Definition 1.—The natural frequencies of an RLC network are 
defined to be the roots of the determinant polynomial of the 
operator matrix of the network equations when these are framed 
as a set of first-order differential equations for the branch 
currents and voltages. The number of these natural frequencies 
is called the order of complexity of the network and is denoted 
by o. ‘ 

In using the term ‘order of complexity’ we are following 
Reza.!2_ In the past the term ‘number of degrees of freedom 
has been rather loosely used.*»® This term originates in the 
study of mechanical systems* '* and has meaning only if any 
significance can be attached to the term ‘position’ or conhgura- 
tion’ of the system. This is not easy to do in the case of electrical 
networks, and we prefer not to use the term. 
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It is well known* that the number of arbitrary constants 
involved in the solution of a set of linear differential equations 
is given by the degree of the determinant polynomial of the 
operator matrix of the equations. From Definition 1 it is thus 
obvious that for the set of branch equations of an RLC network 
this number will be the same as the order of complexity, o. By 
considering this degree, we obtain in Section 2 an expression for 
o in terms of the network topology. 

In Section 3 we consider sets of ‘dynamically-independent 
network variables’. These are discussed by Guillemin in Sec- 
tion 2, Chapter 5, of Reference 6.f We define them as follows: 
Let us call the set of instantaneous values of all the branch 
currents and voltages the instantaneous ‘state’ of the network. 
Hence a knowledge of the instantaneous values of all of these 
variables determines this instantaneous state. Some of the 
branch variables, however, are connected by algebraic relations 
rather than differential relations. This means that it is not 
necessary to know all of their instantaneous values; some can be 
calculated from others. For example the instantaneous value 
of a resistor voltage can be obtained from the instantaneous 
value of the corresponding resistor current. We thus obtain 
our second definition: 

Definition 2.—A minimal set of branch currents and voltages 
whose instantaneous values are sufficient to determine com- 
pletely the instantaneous state of the network is called a ‘complete 
set of dynamically-independent network variables’. 

In Section 3 we show how to obtain such sets, and show that 
the number of variables in such a set is, as might be expected, 
the same as the order of complexity. The results obtained in 
this Section are compared in Appendix 6.3 with similar results 
obtained by Bashkow? in an earlier paper. 

Throughout the paper we shall use the RLC network shown in 
Fig. 1 as an illustrative example. 


(2) THE NATURAL FREQUENCIES AND ARBITRARY 
INTEGRATION CONSTANTS 


(2.1) Introduction 


In order to obtain an expression for the number of natural 
frequencies and the number of arbitrary integration constants, it 
is necessary to study the network equations. As we have dis- 
cussed in Section 1, instead of choosing the nodal-voltage 
equations or the loop-current equations, we choose the more 
fundamental equations in terms of the branch} currents and vol- 
tages. If these branch equations are obtained in the form of a set 
of linear differential equations, rather than integro-differential 
equations, then the well-known theory of such equations‘ tells 
us how to determine the number of natural frequencies of 
the network. If multiple zeros§ are counted according to 
multiplicity, this number will be the degree of the determinant 
polynomial of the equation matrix. Considerations of a 
previous paper? enable us to obtain this degree, which will also 
give the number of arbitrary constants in the solution of the 
equations.* 


(2.2) Preliminary Definitions and Results 


Before we can write down the network branch equations we 
need a certain amount of preliminary work. We denote a 
typical electrical network made up entirely of resistors, self- 
inductors and capacitors (i.e. an RLC network) by We 
define a branch of the network to be a single electrical element: 
a resistor, a self-inductor or a capacitor. We suppose the 


+ It should be noticed that our results differ from those of Guillemin, who also 


only considers the LC case. : , 
fe aroushout this paper, a branch of the RLC network is taken to be a single 


element: resistor, self-inductor or capacitor. ; ; 
§ The form taken by the complementary function when multiple zeros are present 


is discussed in Section 2.8. 
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network to contain B such branches, namely Bp resistors, 
B,, inductors and Bc capacitors, where By + Bo + Br = B. 
The branches are connected together at nodes, and we suppose 
MN to contain N nodes. We arbitrarily number the nodes from 
0 to (N — 1), and the branches from | to B; in a later Section a 
particular ordering of the branches will be used. The branches 
are further assumed to be arbitrarily oriented.!° ve denote 
by S' the connectivity, i.e. the number of separate parts of V; 
if S = 1 we say that Wis connected. We shall assume at first 
that is connected. The extension to networks having S > | 
is indicated in Section 2.5. 


Example of Fig. 1.—For the network of Fig. 1 we have 


B=6 
N=4 
S=1 


The network with arbitrary node numbering and arbitrary branch 
numbering and orientation is shown in Fig. 2. 


ee 


Fig. 1.—A typical RLC network 


eS 
Fig. 2.—./ with arbitrary numbering and orientations. 


Denote by A, the N x B incidence matrix? '© or vertex matrix 
of VY: We take node 0 to be the reference node, and denote 
by A the corresponding reduced incidence matrix, i.e. the matrix 
obtained from A, by deleting the row corresponding to node 0. 
A is of order (N — 1) X B. 


Example of Fig. 1.—From Fig. 2 we get: 
—1 0 0 —-1 0 0 
ae WR ele = 0 
0 +41 0 0 +1 —-!1 
0 Oo +1 0 0 +41 


cit (= eagle 
Ae te Ones a 
Ob OMe aritene ten ay 


Assume that a tree?»7-9!0 of the network has been selected 
(in a later Section we specify a particular tree to be used). Let 
the corresponding set of chord loops or circuits!® (or funda- 
mental loops or circuits’) be specified by the M x B chord-loop 
matrix! B.j Here M is the number of independent loops in 
the network Wand is given by!® 


M=B—-N+1 (1) 

Example of Fig. 1.—Let us select the tree shown in Fig. 3. We 
have M = 3, and the set of chord-loops defined by this tree is shown 
in Fig. 4. Bis given by 


sr 0 0 -1 0 0 
B= 0 +1 0 0 —-1 0 
0 Yael 0 -1 —-1 
} The notation used in Reference 10 is B,. As we later use subscripts to denote 


sub-matrices, and as we consider no loop matrices other than chord-loop matrices 
we drop the subscript. i 
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(c) 
Fig. 4.—The three chord-loops of 7 


The network -V has so far been assumed to contain no: 
generators. However, ideal current and voltage generators may; 
be applied to .%; provided that current generators are inserted! 
only across nodes while voltage generators are inserted only into: 
branches. A complete knowledge of these generators is assumed 
as part of the network. We shall be general and suppose that 
every branch of WV has connected across it an ideal current 
generator and inserted into it an ideal voltage generator. The 
kth branch current generator, which will be some function of 
the time ¢, is denoted by j,(7), its voltage generator by e,(t); the 
potential across the Ath passive branch is denoted by v,(t) and 
the current through it by i,(t). The relative positions and 
orientations of these currents and potentials for a general kth 
branch are shown in Fig. 5.; We define the various B x 1 


BRANCH ORIENTATION ARROW 
ree 


Vy, (t) 


Fig. 5.—A typical active branch. 


column vectors j(t), e(t), v(t), and i(t) in the obvious way. We 
shall often drop the explicit inclusion of the time variable ¢ ir 
our later work. 


Example of Fig. 1.—Our network together with all its branct 
generators and branch potentials and currents is shown in Fig. 6. 


Although we are now in a position to write down the network 
equations, we shall give first a few further definitions, some ot 
which we need in Section 2.4. The notation is slightly differen’ 
from that used in our earlier paper.? We denote by Vo, Vz, Vor 
etc., those networks obtained from W by substituting open: 
circuits for those elements not denoted by the suffixes. Thi 
numbers of nodes, branches, loops and separate parts of thes 
networks we shall denote by the obvious notation Nc, Bc, Mc 
Sc, Nz, Br, etc. Notice that this definition of Bc, By and B, 


+ It is assumed that the arrows indicating potentials point towards the highe 
potential. 
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Fig. 6.—./, together with its branch generators and variables. 
does not conflict with that previously given, i.e. as the number of 
capacitors, inductors and resistors in We denote by -%*, 
AN, NCp, etc., the networks obtained from W by substituting 
Short-circuits for those elements not denoted by the suffixes. 
The numbers of nodes, branches, etc., are denoted by Né, Bé, etc. 

It should be especially noted that if a network should contain 
any isolated nodes, then each such node is considered to be a 
‘separate part of the network and should be counted when deter- 
mining the network connectivity. 


Example of Fig. 1—As examples we show Wc, Vcr and Ne 
in Fig. 7. We have from the figure: 


No= 
Be =2 
Mc=1 
Se= 
Ner = 
Bor =4 
z Mcr =2 
LER= 
; NE = 
BE = 
Mr=1 
ST =) 


We shall now define one further term which we use in later 
Sections. We recall?-7-9:!° that a tree of a connected network 
is a connected set of (N — 1) branches containing no loops. 


(b) ( 


y 


(c) 
Fig. 7.—Vc, “cr and 4". 
@ Ne. 


(6) Nor. 
{c) Vi agai 


If the network is not connected it can contain no trees. How- 
ever, each of the S separate parts is by definition connected, and 
so each will contain a tree; the collection of the S§ trees so 
obtained we call a forest? of WV. A forest will obviously contain 
(N — S) branches. If any of the separate parts of the network 
consist of isolated nodes, then, by definition, these isolated nodes 
shall be included as part of any forest. This is slightly different 
from the definition given in Reference 3. 


(2.3) The Network Branch Equations 


We may now write down the network branch equations, which 
are the Kirchhoff current and voltage laws, and the generalized 
Ohm’s law applied to each branch. 

Kirchhoff’s current law becomes? 


A(t J) 0) sate pace ea ee 
and Kirchhoff’s voltage law becomes? 
Ble: 6): = 0 ae a ee Se ae) 


Exampie of Fig. 1.—Written out in full, and taking ‘generator 
terms’ over to the right-hand side, eqns. (2) and (3) become: 


+i, — Io — 13 + 14 — T5 ; = oe ih Spe we Sree a ’ 4 
+ ip + is — ig = ia Fs — Jo. 7 yi 
+ 3 +i6 = aia + J6 
+04 —v4 = +e —e4 | 
+ v5 = ze anoS nee) 
+03 —05 + = 13) aie C5 aeCbu) 


Consider the generalized Ohm’s law: 
A capacitor branch obeys a differential equation like 


dv(t) 
C—O ee eee (4 
iO.=C a (4) 
An inductor branch obeys a differential equation like 
di(t) 
= L— 5 
v(t) = L 7 (5) 


while a resistor branch obeys an algebraic equation like 
OE). RUD) ES a, Paap 


Let us denote the differential operator d/dt by D; then eqns. (4), 
(5) and (6) may be combined into one matrix equation of 
differential form: 


Y(D)v(t) = ZpxDIO . . . . 7 


Here the matrix Y-(D) is B x B diagonal, has units in those 
diagonal elements corresponding to inductive or resistive 
branches, and a term of the form CD corresponding to a 
capacitive branch. Similarly Z,x(D) is B x B diagonal, has 
units corresponding to capacitive branches, a term of the 
form LD corresponding to an inductive branch, and a term 
of the form R corresponding to a resistive branch. 

Note that eqns. (7) are a set of first-order differential equa- 
tions, not integro-differential equations. 


Example of Fig. 1. We shall have 


TAD eee ip Zee OS | i. 
en as . : 5.2 
1 fo Cite aD 


i i i i le are primed, 
t To assist the reader, equation numbers in the running example t 
pls oe that the equation is the particular case of the corresponding unprimed 
equation of the general discussion. 
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and eqns. (7) written out in full become 
dv, a 7 
OH ly 
v2 = Roi2 
di 
Cx == ine 
ae Po Binh 2 beh al eo OD 
Chas 14 
4 dt 
Cs i—— Rsis 
di, 
V6 = Lez 


4 


Eqns. (2), (3) and (7) may be written as a single matrix 


equation: 
0 B Be 
A 0 Aj 
Bn: ee De ee ae! fl eel Se dente Pace, 0) 
ZR(D) —Yc(D) | |v 0 


Here we have shown by dotted lines the partitioning of the 
matrices and vectors concerned into B x B sub-matrices and 
B x 1 sub-vectors. 

Concerning the vector on the right-hand side of eqn. (8), the 
(N — 1) X 1 column vector Aj we denote by J and call the nodal 
current-generator vector, while the M x 1 column vector Be we 


denote by E and call the loop voltage-generator vector. These 
vectors form the forcing functions of eqn. (8). 
We further put 
0 B 
A 0 = H(D) (9) 
ZrR(D) —Y¥(D) 
Eqn. (8) now becomes 
: E 
: J 
H( Dy =aig os (10) 
v 0 
which are the network branch equations. 
Example of Fig. 1.—We shall have: 
Giga 33 ange) 
Ji Giz +s — jo) 
(is + jo) 
(e1 — e4) 
E= (€2 —e5) 
(23, "es, — 6) 
Ss Wel Smad eee cal oes ne i 
et 0 POY O REA ad 
; neh 0 Li AS 
DSS Fee ee a ae Hg 
OM O LYS Tip aie 
0 heen) Goa 
14 (00) an ee see eee acl ene EAA cEryiysot Mee ort Watery were 
; : : - 1-C,D ; : 
Rage. j : hl ae : : 
. 13D ; : —1 . ; 
ies , : .—C4D ; 
RS 20, _ = F 
ls D —1 
(9) 


Note that in H(D) we have used dots in place of zeros 

1 1 whenever 
these occur in whole blocks. This has been done so as to show up 
the form of construction of the matrix. 
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(2.4) The Natural Frequencies 


The natural frequencies of the network MN are, by Definition 1 
the roots of the polynomial det H(A), where A is the complex 
frequency variable, and H(D) is the operator matrix of eqns. (9)) 
and (10). | 

a es wish to expand det H(A). This expansion is obtainedi 
in Appendix 6.1, where it is shown that if P(A) denotes the well- 
known nodal-admittance matrix of 1, then 


product of all 


det H(A) = + resistors 


product of all 
inductors ) 


)abe det P(A) 


(11) 
Example of Fig. 1.—From Fig. 2 we have 
P(A) = 


a ils ae pve (2 aa oni 
( Cum uy ae © a 12 Ro Rs AL3 
i 1 1 1 7) 1 
(ee) Cae tue AL¢ 

= Be Gk quel 

ee ALg \AL3  AL6 | 


If we expand det P(A) we obtain 


(Cy + Cs)(Ro + Rs(L3 + Le)A + R2Rs(Ci + Cs) 
R2RsL3Le6A 


det P(A) = 


Hence from eqn. (11) 
det H(A) = + (R2Rs5)(L3L¢)A2 det P(A) 
= + (Ci + CyAl(L3 + Le)(R2 + Rs)\A + RRs] . (A Ui? 
Hence the natural frequencies of .f/are given by 
en) 
A = — R2Rs/(L3 + Le)(R2 + Rs) 
Notice that A=0 is not a root of det P(A) = 0 (cf. Lemma 1 below). | 


and 


In Reference 3, we have shown that 


ee — Scr — Sz — S. | 
dctPQ) = c— Ser Sz — Srp) | 


AN+1—-Szi—SiR 
(12) 


where the connectivities Sc, Scr, etc., are defined in Section 2.2! 
Hence | 


det H(A) = 


Polynomial in A of degree 
(2QN + 2 — Sc — Scr — Sz — Str) 


Polynomial in A containing a constant and J 


Preetse+sia-nn 


(13) 
Now Bh +Sr+Srr—N—-1>0 (14) 
for BL —N+S,=Mz,>0 (15) 
and Srr —120. (16) 


Hence, as we would expect, det H(A) is a polynomial, and its 
degree, o, is given by 


o = (2N + 2 —Sc — Scr — Sz — Szp) 
(Br Sp Sip ey D) (17) 
Le o=B,+N+1 — Sc — Scr (18) 


It is of interest to note that from eqn. (11) we obtain the follow- 
ing Lemma: 


Lemma 1.—The non-zero natural frequencies of WV are the 
finite non-zero roots of det P(A) (cf. Reference 3, footnote on p. 1) 


Example of Fig. 1.—For Fig. 1 we have 


; 
‘ 
iy 


Brie 
Nia 
Se=3 
Scr'= 2 
giving 
2 


i This agrees with the expansion (11’). 


Ms (2.5) The Extension to Non-Connected Networks 

3 If WV is not connected, ie. if S > 1, the above considera- 
tions may be applied to each part separately. The order of 
complexity for the whole network will then be the sum of the 
orders of complexity of each part. 

__ Hence we obtain the following theorem: 

‘ Theorem 1.—In the notation of this Section, the order of 
complexity o of an RLC network is given by 


o=B,+N+S—Sc— Scr (19) 


(2.6) The Arbitrary Integration Constants 


a As is well known,* the number of arbitrary constants involved 
in the solution of eqns. (10) will be given by the degree in A 
of det H(A). Hence their number is also o, the order of com- 
plexity of 4° Eqns. (10) are a system of first-order linear 
differential equations and these arbitrary constants may be taken 
to be the initial values of o of the variables »,(f), i,(t). Pre- 
cisely which of these variables may be chosen is discussed in 
Section 3.1. 


(2.7) Some Other Expressions for o 


_. By application of eqn. (1) to the various networks Wo, Vcr, 
Ni, etc., and use of the following results, which are proved in 
Reference 3, 
; (a) Scr = Nf 

(6) St=S 

(c) Nc=Ncr=N 


the following alternative expressions for o may be obtained: 


OB Ni SSE — Ser (20) 
= B, + Be— Me —- (Nt > SD (21) 
= Bo+M—Mc— Mer (22) 


The notation used here was explained in Section 2.2. 

Now a cut-set of a network is a set of network branches whose 
removal increases the connectivity of the network by one provided 
that, if one or more branches of the set are omitted, the remaining 
branches in the set do not have this property. The number of 
independent cut-sets in may be shown!! to be given by 
(N — S). Thus (N# — S}) is the number of independent cut-sets 
in 4;*. From Lemma 11 (Section 6.3), we see that this is also 
‘the number of independent inductor-only cut-sets in 4 Thus 
eqn. (21) may be put into words as: “The order of complexity 
of an RLC network is given by the number of reactive elements 
less the number of independent capacitor-only loops, less the 
number of independent inductor-only cut-sets’. 

This statement takes on a physical meaning when considered 
in the light of the elimination process used to obtain a set of 
dynamically-independent network variables described in Section 


6.2. 
(2.8) Multiple Zeros of det H(A) 
When det H(A) contains multiple zeros, the form of the com- 


plementary function is interesting. We first point out that 
eqn. (10) represents a set of simultaneous equations involving 2B 
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dependent variables. The form of the complementary function 
when multiple zeros occur is, in this case, often different from 
the well-known form obtained when only one equation for one 
dependent variable is under consideration. In this latter case 
if A,, say, is a root of multiplicity m > 1, then the corresponding 
part of the complementary function is well known to be 


[4g + Ait +... + Ang _yt™ Jerse , (23) 


where the A, are a set of arbitrary constants. The corresponding 
form for the case of a set of simultaneous equations does not 
appear to be quite so well known by electrical engineers. A full 
discussion of this is given in Section 5.7 of Reference 4, and 
we give here the results. 

Let A, be a root of det H(A) of multiplicity m > 1. Denote 
by Adj H(A) the adjugate or adjoint,!4+ matrix of H(A), and 

GE ae 

a Adj #0 | iv by [Adj HA,)]™. Then it can be 
shown‘ that m independent solutions of HA(D)x(t) = 0 will be 
contained amongst the 2Bm columns of the following m matrices: 


Adj HAJe 
[Adj HA] + 1 Adj HAE 


denote | 


{[Adj HA] + pr[Adj HA]e-» + (2)? [Adj HA)]e- 
+... + Adj HA)]Ser" 


{[Adj HQ] + (m — DifAdj HA)? + 
(7 , ‘ye [Adj H(A.) |"-» Ae shyt Adj H(A, Set (24) 


An important point to notice about eqn. (24) is that if 


[Adj HA] = [Adj HA)» =... = Adj HA) =0 
(25) 


then no columns containing powers of ¢ will be present. In 
this case, [Adj H(A,) | will contain m independent columns, 
and if we denote them by h,(A,), 42(A,), . . -» 4,,(A,), then that 
part of the complementary function corresponding to A, is 


[A,hy(A,) + Anh (A,) + Soha; + AAAs) ler (26) 


where the A; are arbitrary constants. Notice that eqn. (25) 
holds only when (A — A,)"~! is a factor of every element of 
Adj H(A). 

Consider now the stability of the transient behaviour of the 
network. The complementary function in the solution of 
eqn. (10) must obviously have no columns containing powers 
of ¢ arising from a multiple zero of det H(A) on the imaginary 
}-axis, i.e. corresponding to a real frequency. For such a 
root then, eqn. (25) must hold. Hence if A, is an mth order 
pure imaginary root of det H(A), then (A — A,)”"~! must be a 
factor of every element of Adj H(A). From this we may obtain 
the well-known property of various network functions—that 
they have only simple poles on the imaginary A-axis. 


(3) COMPLETE SETS OF DYNAMICALLY-INDEPENDENT 
VARIABLES 


(3.1) Introduction 
In Section 1, Definition 2, we defined a complete set of 


dynamically-independent network variables as a minimal set 
whose instantaneous values are sufficient to determine com- 
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pletely the instantaneous state of the network. Since the set iS 
minimal, it follows that there exist -no algebraic equations 
between them, while since it is sufficient, all other of the network 
variables are expressible in terms of this set by unique algebraic 
equations. This indicates a method of obtaining such a complete 
set. Starting from the network branch equations, and using all 
explicit and implicit algebraic relations, variables are eliminated 
until a complete set of dynamically-independent variables is 
obtained. Before proceeding to do this, we give first a further 
discussion of the arbitrary integration constants which shows 
that a complete set of dynamically-independent variables con- 
tains precisely o such variables, where o is the order of com- 
plexity. We pointed out in Section 2.6 that the o arbitrary 
integration constants may be taken to be the initial values of o 
of the branch variables v,(f), i,(f). However, not any set of o 
of these variables may be given arbitrary instantaneous values, 
owing to the possibility of the existence of algebraic relations 
between them. We have just pointed out, however, that a 
complete set of dynamically-independent variables have no such 
algebraic relations between them, while all other of the network 
variables are algebraically expressible in terms of the complete 
set. Hence such a complete set is capable of taking arbitrary 
instantaneous values, i.e. their initial values may be taken to be 
a complete set of arbitrary integration constants. We thus 
obtain Theorem 2: 

Theorem 2.—A complete set of dynamically-independent net- 
work variables will contain o of the variables i,(1), u,(t), where 
a is the order of complexity of the network, and their initial 
values may be taken to be a set of arbitrary integration constants. 


(3.2) Elimination 


The process of elimination we use to arrive at a complete set 
of dynamically-independent network variables depends upon 
forming our branch equations in a particular form. This form 
involves the classification of the network branches into six 
groups, and hence the branch variables into twelve groups, i.e. 
a set of voltages and currents for each group. Our elimination 
process then involves expressing ten of these groups algebraically 
in terms of the remaining two groups, which are shown to con- 
tain between them o variables. These two groups will thus 
together form a complete set of dynamically-independent 
variables as required. The classification of the variables, and 
also the particular form of the branch equations, is obtained 
by using a particular tree of the network. The construction of 
this tree, and the resulting process of elimination, is given in 
detail in Appendix 6.2, whence we obtain Theorem 3: 

Theorem 3.—The voltages across (N — Sc) capacitors forming 
a forestt of 4¢ and the currents through (B, + S — Scr) 
inductors forming a set of chords} to a forest of V;* together 
make up a complete set of dynamically-independent variables 
of an RLC network VW of connectivity S. 

The proof of Theorem 3 is contained in Section 6.2. 

Definition 3.—We call a set of o network elements made up of 
(N — Sc) capacitors forming a forest of W~ and (B, + S — Scr) 
inductors forming a set of chords of .W;* a ‘fundamental set of 
elements’. The voltages across these capacitors and the currents 
through these inductors we call a ‘fundamental complete set of 
dynamically-independent network variables’. 


Example of Fig. 1.—Any one of the two capacitors of ./ form 
sa 

Ly or No; and any one of the two inductors forms a set of chords 

of ; See Figs. 7(a) and (c). Hence, for example, 73 and v4 form 


a fundamental complete set of dynamicallv-i 1 
ables. y y-independent network 


+ The term ‘forest’ is defined in Section 2.2. 


} Although MN; will have connectivity S, and so not be connected in general, we 
define a set of chords as being the complement of a forest. 
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A process of elimination amongst network variables has bee 
described in an earlier paper by Bashkow.* His results ar 
expressed, however, rather differently from ours. We discus 
them in Appendix 6.3 and show that they coincide with ours. 


(3.3) Independent Points of Energy Storage 


The energy-storage elements of an RLC network /M are, 0 
course, the reactive elements, i.e. the inductors and capacitors 
Now the instantaneous stored energy in a capacitor at time f i 
4C[v?, while that in an inductor is SL[i(). Hence th 
instantaneous values of the fundamental complete set of variable: 
fixes the instantaneous energy stored in the fundamental set o 
elements. But the instantaneous values of all the other mae 
variables are completely determined by those of the fundamenta 
complete set, and so the instantaneous energy stored in the whole 
network is also so fixed. Hence the fundamental set of elements 
forms a set of independent points of energy storage. 


(3.4) Other Complete Sets 


It may be asked what other sets of o network variables form 
complete sets of dynamically-independent variables besides the 
fundamental complete sets. 

That such other complete sets can exist is shown by the follow- 
ing trivial example. Consider the network of a resistor and 
capacitor connected in parallel: 


Hence o = 1 


There is only one fundamental dynamically-independent variable. 
and that is the capacitor voltage. However, it is obvious that 
either the voltage across or the current through the resistor may 
be taken as a dynamically-independent variable instead. Neither 
of these variables is a fundamental variable. 

Let us consider the general case. Denote the set of 2B network 
variables by the 2B. x 1 vector z; denote a fundamental set ot 
independent variables by the o x 1 vector y, and the othe 
(2B — oa) variables by the (2B — o) x 1 vector x. Assume 


8 


Let us assume that the algebraic relation between x and y, whict 
will also involve the various network generators, is written ir 
the form 


(27 


x= My-+g (28 


where M is a (2B — a) X o matrix and g is the vector involvin; 
the network generators. Eqn. (28) may also be written as 


CA 215 
uy +e 


where an obvious slight modification in the definition of g i 


required. Let us put 
ale 


z=Ny+e¢g. 


and N is obviously of rank o from eqn. (30). 
We now show the following theorem: 
Theorem 4.—A set of o network variables forms a complet 


(29 


(30 
Then eqn. (29) becomes 
(31 


set of dynamically-independent variables if and only if the 
corresponding set cf o rows from the matrix N of eqn. (31) 
defines a non-singular o x o matrix. 


Proof.—Sufficiency: Denote the o x o non-singular sub-matrix of 
N by W, and the corresponding set of o variables by w. Then 


from eqn. (31), if we write A for that part of g corresponding to w, 
we obtain 


WER ts... es ) (32) 
fe: Lage fe (33) 


Hence the o variables w may take arbitrary instantaneous values, 

and so they form a complete set of dynamically-independent 

variables. : } 

= Necessity: Denote the complete set of dynamically-independent 
variables by the o x 1 vector w, and the corresponding sub-matrix 

_ of Nby W. Again from eqn. (31) | 


Wet prairie. vik. oo (BA) 


_ Since w forms a complete set of dynamically-independent variables, 

eqn. (34) must have a solution for y for any w. Hence the columns 
_ of N must be linearly independent, and so W is non-singular. 
Hence the theorem. 


Example of Fig. 1.—Let us choose v4 and i3 as our fundamental 
complete set (cf. Section 3.2). 


Then = [2 | 
$ U4 iy 
12 
? iy 14 
% i2 15 
4 14 16 
i Is at 
; 16 v2 
x =—1% |and 7 = "1% 
v2 V5 
v3 v6 
Us B 
V6 V4. 


From Appendix 6.2, eqn. (94’), we have 


0 
ies: + Rs) 
~ Rel + Rs) 


N= 0 
—R2Rs/(R2 + Rs) 
—L3R2Rs5/(R2 + Rs)(L3 + Leo) 
—R2Rs/(R2 + Rs) rig! 
L6R2Rs/(R2 + Rs)(L3 + Leo) 
1 


0 


Hence, by Theorem 4, one variable of the complete set must be 
either v; or v4 (but not both), and the other can be any other voltage 
or any current except i; and i. 


=e OCoooro°oo So 
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(6) APPENDICES 
(6.1) The Expansion of det H(A) 


In this Appendix the relationship between det H(A) and det P(A) 
given in eqn. (11) of Section 2.4 is obtained. The notation and 
terminology is as in Section 2. Wis assumed to be connected 
throughout Section 6.1. We need the following lemmas and 
definitions. Lemmas 2 and 4 are proved in Reference 10; 
Lemmas 3 and 5 in Reference 9. 

Lemma 2.!°—An (N — 1)-minor of A is non-singular if, and 
ouly if, the (VN — 1) columns forming that minor correspond 
to a set of branches of W forming a tree. 

Lemma 3.°—A non-singular (N — 1)-minor of A has value 
+1 or —1. 

Lemma 4.!°—An M-minor of B is non-singular if, and only 
if, the M columns forming that minor correspond to a set of 
chords of a tree of YW” 

Lemma 5°—If B is a chord-loop matrix, a non-singular 
M-minor of B has value +1 or —1. 

Definition 4.—We shall say that a non-zero (N — 1)-minor of 
A and a non-zero M-minor of B correspond if, and only if, the 
chords defining the minor of B are chords of the tree defining 
the minor of A. 

Definition 5.—We call the sign of the product of two corre- 
sponding minors of A and B, which is either +1 or —1, the 
tree-chord sign. 

Lemma 6.—The tree-chord signs of Ware such that the terms 


A : ibe 
in the Laplace expansion of det | 4 are either all positive or 
all negative. 


Proof.—Define the two (B x B) matrices S and T as follows: 


ath Eu . (37 
Soil ein Dee LAs eRe 
Pe (4A Bs eee 

1 
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Consider the product 


(AANA), AB’ : 
ST = ee in can ay sap) (39) 


= BS A (sincel0 AB’ = 0) . (40) 
0 ly 
=1, (41) 
Hence (det S)(det 7) = 1 . (42) 
A 
Now det § — det (BB’)~! det [ “| (43) 
A 
and det T = det (4A’)-1 det [ a (44) 
Further!3 det (BB’) = det (4A’) = number of trees in 
= T (say) (45) 
Hence, from eqns. (43), (44) and (45), 
1 A] ) 2 
(det $) (det T) = 7 { det A } 
= 1 from eqn. (42) (46) 
A 
Hence det [al Sse ffl (47) 


Consideration of a Laplace expansion! of det . by the first 


(N — 1) rows, and use of Lemmas 2, 3, 4 and 5, shows that eqn. (47) 
can be true if, and only if, all the terms in that expansion are of 
the same sign, i.e. either all positive, giving +7 in eqn. (47), or all 
negative, giving —TJ in eqn. (47). Hence the lemma is established. 


We are now in a position to expand det H(A). 


Lemma 7.—In the notation of Section 2, 


— + (product of =) product of all\ 3 
TM Oe ( inductors ( resistors ) FES oy 
(48) 


where P(A) is the well-known nodal-admittance matrix of 


Proof—Expand the determinant by a Laplace expansion of the 
first B rows.1 From Lemmas 2 and 4, a set of B columns from 
these first B rows will form a non-zero minor if, and only if, 


(N — 1) columns come from 4\ and correspond to a tree, 


while the other M columns come from | and correspond to a 


set of chords. 0 

Consideration of the complementary set of columns from the 
last B rows, remembering that Zzr(A) and Yc(A) are both B x B 
diagonal, shows that we will get a non-zero complementary minor 
from these last B rows if, and only if, the minors of A and B 
correspond (Definition 4). We then obtain as a single term in the 
Laplace expansion: 


ae (Gas tree-branch \ ,, ( 


— \. admittance product impedance product 


inductor chord ) 
x (. Tesistor chord 
oes product ) 
From Lemma 6 we see that when we obtain all the terms in the 
Laplace expansion, they will all be of the same sign, and so we 
obtain 


inductor chord 


capacitor Spel 
impedance product 


det H(A) = + » ( admittance product 


trees) 


( resistor chord (50) 


impedance product 
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Now 


( inductor chord 


) = ( product of ) il lp tree-branch ) 
impedance product all inductors 


admittance product 
G1) 
and 


( resistor chord 


) * ee of ae tree-branch 
impedance product 


all resistors / \admittance product 

(52 
Hence we obtain 
det H(A) = 


/ product of \( product of \ )Bz ( 
(all 


" tree-branch 
~ \all inductors / \all resistors 


admittance product 


trees) 
(53) 
3,9 tree-branch ) = det P(A) . 54 
Pet (all Cobeee product Rise, ( » 
trees) 
where P(A) is the nodal-admittance matrix. Hence the lemma i 
established. - 


(6.2) The Elimination Process 


As mentioned in Section 3.2, our elimination process involve 
expressing the branch equations in a special form by the use of 
a particular tree construction. This construction is as follows, 
where we have assumed that is connected. 

First choose any forestt Fo in Vc. Fe will contain (N—Scy 
capacitors.3 If Wo is connected, Feo will be a tree of VY, an 
will be the tree we require. If Gis not connected, we consider 
Nor. Vf the connectivity of Wor is the same as that of Vc, 
then F¢ is also a forest of Wor. If not we may add resistors t 
Foto form a forest Fog in Vor. FAcr will contain (N — Scpry 
capacitors and resistors. If cp is connected, then Fcp will 
be a tree of and will be the tree we require. If Wop is not 
connected, then since .V is connected, we may add inductors: 
to For to forma tree 7 in VW; TF will be the tree of W which 
we require. 

It should be noted that the inductive branches of our tree: 
ZF are in fact a tree in ;*. 

We now number our network branches as follows. We 
number the capacitive chords first, from 1 to Mc. Next we 
number the resistive chords, from (Mc + 1) to Mer, and then 
the inductive chords from (Mcr + 1) to M. Turning now to 
the tree, we number the capacitive tree branches from (M + 1) 
to (M + N — Sc), the resistive tree branches from (M + N — 
Sc +1) to (M+ N— Scr) and finally the inductive tree 
branches we number from (MV@+N—Scr+1) to B= 
(M + N —1). 

In general the tree Y obtained by the construction described 
above is not unique, and so neither is the branch ordering. 


e 


However, any one of the possible trees and the consequen 
branch numbering will do. 


Example of Fig. 1—As the tree Z we shall use that shown it 
Fig. 8. In order that no confusion should arise at this stage betwee 
two different schemes of branch numbering, the ‘arbitrary’ brancl 
numbering previously chosen in Section 2.2 was made to coincid 
with that which we obtain from this tree. Our numbering is thu: 
still as shown in Fig. 2. It should be remembered, however, tha 
if a change did occur, then the matrices A, B, Z_r(D) and Yc(D 
would also have to be changed. 


Fig. 8.—The tree 7 of ™ 


} Defined in Section 2.2. 


i Consider the branch numbering. It will be seen that the 
branches have been classified into six groups; we number thes 
groups «, B, y, 5, «, Cas follows: ; 

(x) capacitive chords; 

(8) resistive chords; 

(y) inductive chords; 

(5) capacitive tree branches: 

(€) resistive tree branches; 

(¢) inductive tree branches. 


We use this branch classification to partition our various 


network vectors and matrices into sub-vectors and sub-matrices 
Thus we put 


is Ve 


ig ve 
° L Vv. 
i= aif ——d 34 
AN a a he (55) 
ie Ve 
Te Ue 


The reduced incidence matrix A, and the chord-loop matrix B 
we first partition according to chords and tree branches as 
follows: 


A= A, aie B—4iy,, F). (56) 
Note that the relation!® 
AB’ =0 (57) 
_ gives —F’ = KX. (58) 


B may be further partitioned as follows: the columns, corre- 
sponding to the branches, into the six groups a to @, and the 
rows, corresponding to the chord loops, and so to the chords, 
_into the three groups «, 8 and y. If we denote the corresponding 
_unit matrices by the obvious notation of 1,,, etc., and the sub- 
matrices of F similarly, we get 


4 Tan 0 0 Fas Fee Fue 
BO ign Od oy ce-F ac 
0 0 ly Fys 


(59) 
Frye Fyz 
_ The matrices Y-(D) and Z, p(D) are also partitioned; thus we put 


DEO 0 0 0 0 
0 Igg 0 0 0 +O 
a 0 i, 8 0 0 
Pa 902 pl 0 Dey 02.50 (60) 
0 0 0 0 1. 0 
0 0 0 0 O le 
and 
te i 8 8 Oa) / 0 
0 Reg 0 0 0 0 
|. “0 0 DL, 90 0 0 
ZrR(D) = 0 0 Iss 0 0 (61) 
0 0 0 0 Ree 9 
0 0 0 0 0 DL zz 
Example of Fig. 1—Our various sub-vectors and sub-matrices 
become 
ix = [41] ) 
ig = [i2] 
ic = [ie] (35) 
ve = lil f 
ve = [r2] 
ve = [vel 


+ It may, of course, happen that in a particular case, one or more of these groups 


is empty, i.e. non-existent. 
* 


BRYANT: THE ORDER OF COMPLEXITY OF ELECTRICAL NETWORKS 


183 


1 —1 
X=/0 1 
0 0 


ll 
0| 
1 


aii Ol © 
F= 0 0 
01 41 <1 


where the partitioning shows the sub-matrices of F, as in eqn. (59). 
Similarly, using partitioning we get 


eens ben w nn | cence ek) -- een, | mene ens | ene nee 
See aca Meee lr 15h 
we enen Hewee nih) omental 


eae s—! men enn | meee ewe | ceeeee I Semen 
' 


(60’) 


ZiR(D) = (61’) 


An important lemma concerning B follows from the way in 
which our tree was constructed and our branches were numbered: 

Lemma 8.—Let B be a chord-loop matrix corresponding to a 
tree constructed as described. Then if B is partitioned as in 
eqn. (59), we shall have 


(62) 


Proof.—By the tree construction, the loops defined by the capaci- 


tive chords must be purely capacitive. Hence 
Fue = 0 
and For = 0 


Further, the loops defined by the resistive chords can contain no 
inductors. Hence 

Fe, = 0 
and so the lemma follows. 


Before carrying on with the elimination process, we shall state 
and prove a lemma concerning our tree construction. 
Lemma 9.—If a tree J is constructed as described above, 
(@) the capacitive chords, i.e. the branches «, define a complete 
set of independent capacitor-only loops; 
(b) the inductive tree-branches, 1.e. the branches Z, define a 
complete set of independent inductor-only cut-sets. T 
Proof.—(a) Self-evident. 
(b) It has been pointed out that the inductive tree 
branches form a tree of .V;*. Hence they define 
a complete set of independent cut-sets in VM 
Thus, by Lemma 11 (Section 6.3) they define a 
complete set of independent inductor-only cut-sets 
in. 


+ A cut-set is defined in Section ells F 


184 
We may now carry out our elimination process, which consists 
of showing that 
ha, ig, is, le, iz, Va, UE, Vy, Ve and Uc 
can all be expressed algebraically in terms of i, and vg, together 


with the various network generators and their differentials. 
We recall the network branch equations (10): 


Jpauialan 3 ; E(t) 
Ane m6 i) I(t) 63) 
Z,g(D) | —Y¥(D) 1 Lo) 0 


Our elimination takes place in three stages: 


(a) Using Kirchhoff’s laws. 
(b) Using Ohm’s law applied to resistive branches. 
(c) Using capacitor-only loops and inductor-only cut-sets. 
(a) Elimination by Kirchhoff’s Laws.—From eqn. (63) the 
Kirchhoff equations are 
: Bou=E 


Ai=J. 


(64) 
(65) 


Using eqns. (55) and (56), and conformably partitioning E£, 
we get from eqn. (64) 


Dy LS Ey 
Og} = — Fl o.} + E : (66) 
vy, Ure E, 
Hence, using eqns. (59) and (62), 
Va Fs 0 0 VS Ey 
veg| = — | Fos Foe 0 Ve | -- | : (67) 
Dy v8 Frye Fret Lv Ey 


which are the elimination equations obtained from Kirchhoff’s 
voltage law. From Kirchhoff’s current law, eqn. (65), we get, 
using eqns. (55) and (56) and conformably partitioning J: 


ihe 15 Js 
Alig) + KB jie) =|, (68) 
iy, iz Je 
From Lemma 2, K is non-singular. Hence 
ts dy, Js 
ic} = —K—X|ig| + KK) J (69) 
ie i, Je 


Putting K~'J = T, which we conformably partition, and using 
eqn. (58), we obtain 


: lx Ts 
=F'is| + | Te (70) 
i Ly, T 
Hence, using eqns. (59) and (62), 
is Fis Fes Py i Ts 
fel 0 Fa. F- ; Grau ea d (71) 
I¢ 0 0 B. T; 


which are the elimination equations Shae from Kirchhoff’s 


current law. 
(6) Elimination from Ohm’s Law applied to Resistors —From 


eqn. (63), using eqns. (60) and (61), the equations giving Ohm’s 
law applied to the resistors are 
Ve = Ropig (72) 


(73) 


Ve = Needle 
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Using eqn. (67), we get from eqn. (72) | 
ig = — Rag! [Fesvs + Focve — Eg]. . . (74 
ise. ig + RalFeeve = — RuylFoavs + RalEp. . 
Similarly, using eqn. (71), we obtain from eqn. (73) 
— RecFicig + Ve = + RecFycly + ReeTe . . (16 
Combining eqns. (75) and (76) into one equation: 
Be pail if Prasat We] + Paid ” 
—RecFge, Lee |v. 0, +ReF ye lL iy ReTe | 
In Lemma 17, Appendix 6.4, we show that the matrix 
Ipe, Rep! Fee 
| —ReF gc, ms 
is non-singular, and that its inverse is 


pe + Rog FoReF gel, aa! Fee [lee + Seog 
Ref; Be [1 eB a RolF, ecRecF, pelecs [lee sr R.F, pela; IF, pe] : 


(78) 
Hence eqn. (77) may be solved for ig and v, in terms of v5) 


and i, (and Eg, and 7,). Further this solution may be sub- 
stituted back into eqns. (67) and (71) to obtain 


Vy, in terms of vs (and E,) 

vg in terms of v3 andi, (and Eg and T,) 

v, in terms of vg, ve andi, (and Eg, E, and T.) ti 
- Ve in terms of vs and i, (and Eg and T.) 

ig in terms of vy andi, (and Ep, and T,) 

is in terms of vs, i, and i, (and Eg, Ts and T,) 

i, in terms of vs and i, (and Eg and TJ.) 

ic in terms of i, (and T;) 


(c) Elimination from Capacitor-only Loops and Inductor-only 
Cut-sets—From Lemma 9 and eqns. (67) and (71), we obtamy 
as the equations to be considered: 


Vat) + Fusva(t) = E,(t) (80) 
it) — Fyri(t) = T(t) (81) 


Differentiate each of these with respect to time, ¢, using a dot 
to denote this differentiation: 


D(t) + Fasda(t) = Ex(t) (82) 
it) — Fyei(t) = Tet) (83) 
From eqns. (60), (61) and (63), 
ie, Z- walks 
is = Cys v3 
Chg Lani ee 
Ve = Lexie 
Putting these into eqns. (82) and (83) we obtain 
= — C.F as lis a Cake (85) 
ve = Le Fil al vy + Lele . (86) 


Consider eqn. (85) first. From eqn. (79) we have is in terms 
of i,, i, and vs. Hence, if we are to obtain i, and is each in 
terms of vs and i. ‘i, We must solve an equation. The form of the 
eqn. (79) for is is 

ls — 


Fasiz + [terms in v3, i,, Eg, Ts and Te] 


(87) 


. 


Hence, from eqn. (85), 


t 


i, — CaF asC5g Fost ae [terms in vs, i,, Eg, Ts, Te and E,] 
(88) 

Bee. te [laa + CunFusCye!Faa] = [terms in vg, é,, Ep, Ts, Te and E,] 

. (89) 


To show that we may solve eqn. (89) for i, we must show that 
the matrix 


ioe “13 Conk waC sa Fi, «8 | (90) 
is non-singular. 
_ We have as an identity 


; mpc. ONT, 
Bon ap Can adC 55 F ys] = Cuzz [Fas tall x 1 ry . (91) 
ORG allitcs 
from which we see that the matrix (90) is non-singular. Hence 
we may solve eqn. (89) for 


i, in terms of vs, i,, Eg, Ts, Te and Ex (92) 


Similarly we may obtain from eqns. (86) and (79) 


a vz in terms of vs, i,, Eg, Ey, Te and I, (93) 


Substituting eqns. (92) and (93) into eqn. (79) we finally obtain 


Yq, in terms of vs (and E,) ) 
; vg in terms of vs and i, (and Eg and T,) 
! vy in terms of vs and i, (and Eg, E,, T. and T~) 
v, in terms of vs and i, (and Eg and 7.) 
By in terms of vs and i, (and Ep, Ey, T, and T;) 
i, in terms of vs and i, (and Eg, Ts, T- and E,) 
ig in terms of vg and i, (and Eg and T-) ; 
: is in terms of vg and i, (and Eg, T3, T- and E,) 
= i, in terms of vs and i, (and Eg and T.) 
4 iz in terms of i, (and T;) J 


( . (94) 


Note the ‘mirror symmetry’ of these expressions. 

From the construction of the tree 7, we see that the variables 
vs and i, are, respectively, the voltages across the capacitors 
forming a forest of Wc, and the currents through the inductors 
forming a set of chords of .V;*. Now a forest of W¢ will contain 
(Nc — Sc) capacitors, and since No = N (see Reference 3, 
Lemma 2), we thus have (N — Sc) capacitor voltages. Further, 
a tree of V;* will contain (Nj — 1) inductors, and so a set of 

chords of .;* will contain (Bf — Nf + 1) inductors. Now 
Ni = Scr (proved in Reference 3, Lemma 14), and Bf = B,; 
hence we have (By — Scr + 1) inductor currents. 

If Mis not connected, as we have assumed above, then the 
considerations of this Section may be applied to each part of W” 
separately. Provided we modify our definition of a set of chords 
of V;* (which may no longer be connected) to being the comple- 
ment of a forest rather than of a tree, the results still hold, 

except that we now obtain (By — Scr +S) inductors and 
inductor currents. We have thus proved Theorem 3 of 

Section 3.2. 
It may be shown that the remaining equations for vs and i, 


are a set of o first-order linear differential equations. Thus, if 
we write 
: (95) 
Aer se 


the differential equation for y may be obtained in the form 


(96) 
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where u denotes the ‘forcing function vector’, involving the 
network generators and their differentials, and U is ao xo 
matrix in terms of the various network matrices F, Cys, Rgg, etc. 
Eqn. (96) is the equivalent of Bashkow’s ‘A equation’.2 


Example of Fig. 1.—Our equations are 


+ V4 OL Py J FE; 4) 
+ v2 —aO5 == Ip) 
+ 3 —vs—v =E£;3 
aie tthe iT as = Ji 
sia) spidey oes = Jo 
seats + ig =J3 
+i ei a 
er ‘di +(63°) 
Roi2 : U7 =0 
i3 
Ls a.) — 
. dv4 a 
+ 14 So Caz = 
Rsis ar Che — 
dig 
Lea — %% = | 
Our three stages of elimination become: 
(a) Using Kirchhoff’s Laws. 
01 = %%4 Seen 
Op) SDS + Eo (67/) 
U3) 05 6 <3 
iMac | + T, 
i= —h-i3+Ts (11) 
16 = —iz3 +76 
where ye=hAt+htds 
TN n+ J3 
T5 = J3 
(b) Using Ohm’s Law applied to Resistors. 
v2 = Roi2 (72) 
A Rsis ees (73’) 
Writing G2 for 1/R2 we get, using eqns. (67’) and (71’), 
12 i: G25 a P + G2E> \ (77/) 
Rsig + v5 = — Rsi3 + RsTs : 
Hence, using eqn. (78) to invert (77), 
; = (Cal G2 G2Rs5 
= E ef 
2 (emake) “ (I + GoRs) * a8 (1 + GR) ° 
hae G2Rs Ks 
= E Sh 
and) 5 pCR) ict Gp Rs) eGR 
Thus, using eqns. (67’) and (71’), we get 
oy =mt+ Ey } 
Re Pe 1 Rs 
= E Th 
2 GF GR)? | C+ GR) 2 E+ GR) * 
SS Rs ee G2Rs5 Rs T 
os "eG Ra GR ee 
ppt a COR pees eT 
5 (+ G2Rs)> (1+ G2Rs) 7° (1 + G2Rs) > (79) 
; — G2Rs , G2 G2Rs 
ih a ae, ——__ T. 
= EGR)? | 4 GR)? OF GRD ® 
ig= —i +7 
—1 ; G2 1 
ee Saal E. =a 
is= EGR)? C+ GR)? T+AR) * 
ig gt TG J 
(c) Using Capacitor-only Loops and Inductor-only Cut-sets. 
vy — 14 = Ey (80’) 
13 4h is = Te (81+) 
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Differentiate each with respect to time: 
6 —%4 = Ey or Dene eee (82) 
is ig = 16 De aes, Sop Pete OO) 
From eqn. (63’), 
Cy) = 
5 peu Men (2) 
L3i3 = 3 
Leis = % 


Putting these into eqns. (82’) and (83’), 
TEN GUC ice Crna gee meer 08) 
EXIRIL joa beiG = Stee OO) 
From eqns. (85’) and (79’), 
i(1 + Cy[Ca) = CrEy + (Ci Ca)Ts 


; GiGiae-- Ci 
i Me 
as a (Ci + Cay . Ceca 
From eqns. (86’) and (79’), 
(23 + L6),, L6Rs ae L6G2Rs inh L6 Es 


L301 + G2Rs) 
L6Rs 


L3 ce E31 + GoRs)° 


RGR) 2 os 
i.e. 
ae L6Rs Heat L6G2Rs5 
(1 + G2Rs)(L3 + I? (1 + G2Rs)(L3 + Ley 
L6Rs Tales 


ree 
aly aor ela ds kie 


Hence we obtain as our elimination equations 


vy = 4 + Ey 
— RRs Ro 
— T. 
Es) (Rak CR: a 5 
= L3R2Rs5 A RsL3 
= E- 
CGS (ERs elo 
3 R2RsL3 L3L6 
E Ti -T, 
(igi) (Ra | R33 Le)” (is -- Le). * 
- — RoRs i Rs Ee Mass, R2Rs 
ee Ry ) (Rr eR) Gat Ra 
L6R2Rs5 : L6Rs 
= E 
CRG IR I)? (Rye Rails 2 hoy 
eG L6R2Rs 3 ees 
48 pee 
(L3 + Le) Es (Ro + Rs)(L3 + Le) > as (Z3 + Lo ® 
iy Ci Cy (On Ei 
(Ci + Cy)" “1G Se) We 
5 —Rs . 1 Rs 
c= E, 
e (Ro + ioe #2 (R2 + Rs) YE + Ry: 
: C4 C1C4 
T. 
SSG os C+ c) 
i — Ro i 1 ie R> 
8 AG a Rey (Ro + Rs) Ep (R2 + Rs 
ig = —33+ 76 se ho eee (O43) 


We obtain the differential equations for i; and v4 as follows: 
From eqn. (84’), 


C404 = 14 
= (EC. C4 


mee (Gr Cy" aia (C+ Ca from (94’) 
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Also from eqn. (84’), ; 
L3i3 = 3 
i.e., from eqn. (94), 
‘ = R RsL3 L3 
Eats = RF ae ip} ee 
R2RsL3 Ney be 
~ (R2 + Rs(L3 + Le 


i.€. 


— Rs E 4 RoRs T;— re) 
(eae ; erie ? Cae me, 


Ci wy rT. 
le = Cy! “CS co 
a — RORs ee | 
a d _ | (Ro + Rs)(L3 + Lo) 
dt 
U4 0 0 U4 


Note that the natural frequencies obtained from eqn. (96’) are fe 
same as those we obtained in Section 2.4, namely : 


A=0 { 
— R2Rs 
(Ro + Rs\(L3 + Le) 


and 


(6.3) Comparison with Bashkow i 


In this Section we compare the results given in Sections 3. 2 
and 6.2 with those obtained by Bashkow.? Before we do this, 
we give a brief account of Bashkow’s paper. We slightly change 
the terminology in order to agree with ours. 

Like us, in order to carry out his elimination, Bashkow finds 
it convenient to state his network branch equations in terms of 
a specific tree of the network. To obtain this tree, however, 
the network has generally to be modified by the addition of 
extra inductors and capacitors. The effects of this modification 
are taken care of at the end of his process. 

Bashkow first defines a proper tree of a network: 

Definition 6.—A proper tree of a network (assuming that it 
contains one) is a tree which contains every capacitor and no 
inductor. 

It is obvious that any RLC network will not in general contain 
a proper tree. Its formation can be prevented by the presence 
of various capacitors and inductors. 

Definition 7.—Any capacitor or inductor which prevents the 
formation of a proper tree is called excess. 


Example of Fig. 1—The network of Fig. 1 contains no proper 
tree. Any one of the two capacitors is an excess capacitor and 
any one of the two inductors is an excess inductor. 


Bashkow points out that, if each excess capacitor has an 
inductor added in series with it, and if each excess inductor has 
a capacitor added in parallel, then the modified network will 
contain a proper tree. Working with this modified network 
and the associated proper tree, Bashkow shows that some of 
the network branch variables can be eliminated to obtain a set 
of independent variables which are the capacitor voltages and 
the inductor currents. Obtaining his original network WV from 
his modified network, by letting his added capacitors and 
inductors vanish, he shows that the excess capacitor voltages 
and the excess inductor currents can be eliminated, as well as 
the currents through the added inductors and the voltages across 
the added capacitors. Hence Bashkow obtains for a set o! 
dynamically-independent variables which consists of: 


_ (@) the voltages across those capacitors of which are not 
KCess, and 


(6) the currents through those inductors of which are not 
2XCeSs. 

That these results are equivalent to our results of Section 3.2 
will follow from Lemma 13. 
We shall need first Lemmas 10, 11, 12. 


Lemma 10.—A cut-set of contains at least one branch of 
every tree of , 


Proof.—This lemma is contained in Theorem 2 of Reference 11. 


Lemma 11.—A set of inductors of form an inductor-only 
t-set of Wif and only if they form a cut-set in .V;*. 


Proof.—Sufficiency: We have a cut-set of Ni. Hence cutting all 
the inductors forming this cut-set separates AN ;* into two parts. If 
now we restore the resistors and capacitors (in place of the shurt- 
circuits substituted in forming N;*) the resulting network will still 
be in “ parts. Further, since cutting no sub-set of the cut-set 
= of MN will separate 4;* into two parts, neither will it when the 
resistors and capacitors are restored. Hence the cut-set of A 
 isalsoa cut-set of 4 i.e. it is an inductor-only cut-set of 7 
Necessity: We have an inductor-only cut-set of 7 A reverse 

argument to the above shows that it will be a cut-set of AN;*. 


Lemma 12.—{a) A capacitor is excess if, and only if, it is part 
of a capacitor-only loop. 

(6) An inductor is excess if, and only if, it is part of an inductor- 
only cut-set. 


Proof—{a) Sufficiency: Because the capacitor is part of a 
capacitor-only loop, its presence certainly prevents the formation of 
a proper tree. Hence it is excess. 

Necessity: Because the capacitor is excess, every tree of ./ must, 
because of it, leave out a capaciter. Hence .c must contain at 
least one loop containing this capacitor, and so it is part of this 
capacitor-only loop. 


(6) Sufficiency: Because the inductor is part of an inductor-only 
cut-set, then by Lemma 10, every tree of must contain an inductor. 
Hence .fcan contain no proper tree, and so the inductor is excess. 

Necessity: Because the inductor is excess, every tree of .must 
contain an inductor. Hence N;* must contain at least one cut-set 
containing the inductor; i.e. by Lemma 11, the inductor is part of 
an inductor-only cut-set of 7 


Definition 8.—A set of excess capacitors is called a complete 
set of excess capacitors if by substituting open-circuits for those 
capacitors in the set we are left with a network containing no 
excess capacitors, while no proper sub-set} of the set has this 
property. A set of excess inductors is called a complete set of 
excess inductors if by substituting short-circuits for those induc- 
tors in the set we obtain a network containing no excess 
inductors, while no proper sub-set of the set has this property. 

Lemma 13.—(a) A set of capacitors of are a complete set 
of excess capacitors if and only if they form a set of chordst 
of a forest in Vc. 

(b) A set of inductors of are a complete set of excess 
inductors if and only if they form a tree§ of ;*. 


Proof—(a) Sufficiency: Since a complete set of chords in W¢ [i.e. 
aset se bsp . N ~ a erast defines a complete set of independent 
capacitor-only loops in .V; then, by Lemma 12, these capacitor 
chords are certainly excess. Further, substituting open-circuits for 
them, leaves an Wc containing no loops, while substituting open- 
circuits for a proper sub-set of them will not. Hence the chords 
form a complete set of excess capacitors. 

Necessity: Substituting open-circuits for our complete set of 
excess capacitors will, by Definition 8, leave a network containing 


+ A ‘proper’ sub-set of a set is any sub-set which is not the complete set itself. 

t Although No will not in general be connected, we define a set of chords of 
a forest of No as being the branches of No not contained in that forest. 

§ We are assuming that WN, and so also Nas is connected. Extension to non- 
connected networks follows by consideration of each part separately. 
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no excess capacitors, and so, by Lemma 12, containing no capacitor- 
only loops. Hence the corresponding modified Nc will contain 
no loops. Since this property will not hold for any proper sub-set 
of the complete set of excess capacitors, this complete set must form 
a set of chords of a forest of Wc. 

(b) Sufficiency: The tree of “;* definesaset of independentcut-sets 
in NFA Hence, by Lemma 11, the tree branches define a set of 
independent inductor-only cut-sets. Hence by Lemma 12 they are 
certainly excess inductors. Further, substituting short-circuits for 
them leaves an V;* containing only one node, and so no cut-sets, i.e 
will leave containing no excess inductors. Substituting short- 
circuits for any proper sub-set of the tree branches will not leave 
such a network. Hence the tree branches form a complete set of 
excess inductors. 

Necessity: Substituting short-circuits for our complete set of excess 
inductors will, by Definition 8, leave a network containing no excess 
inductors. Hence, by Lemma 12, this modified network will not 
contain any inductor-only cut-sets, and so, by Lemma 11, the corre- 
sponding modified “;* will contain no cut-sets, i.e. will contain only 
one node. Since this property will not hold for any proper sub-set 
of the complete set of excess inductors, this complete set must form 


a tree in Ni. 


From Lemma 13, and its obvious extension to non-connected 
networks, it follows that Bashkow’s results coincide with ours 
of Theorem 3. 


(6.4) Some Matrix Lemmas 


In this Section the matrices U and V are general rectangular 
matrices. 
We shall suppose that we have a square matrix which may be 


partitioned into the form 
1 
Vall 


We obtain in Lemma 16 the inverse of such a matrix, and in 
Lemma 17 apply this to a matrix defined in Section 6.2. We 
first require Lemmas 14 and 15. 


alm [rille ve] 


Lemma 14 


¥ i al — UV | 7 
0 1 V 1 
Proof by carrying out the multiplications. 
Lemma 15 
at & ‘| = det [1 — VU] = det [1 — UV] . 8) 


Proof from Lemma 14, using Laplace expansions! of the deter- 
minants on the right-hand side of eqn. (97). 


1 
d is non-singular, then 


V 
Ga) aon: aor 


Proof—The sub-matrices on_ the right-hand side exist by 
Lemma 15. The proof now follows by carrying out matrix 


multiplication. 


We now apply these results to the matrix contained in eqn. (77) 
of Section 6.2. 


Lemma 16.—If | 


(99) 


1g¢ Real Fee 


; | is as defined in eqn. (77), it is 
—ReF 5c Lee 


Lemma 17.—It | 
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non-singular and its inverse is given by Now we have as an identity 
te af RogiFcRecF gel! —Rggl Fe: [lee a ees, as ec fi : 
ReF be [Hee i Réel FocRecF ge] [lee a ReF eRe Fee] | Rep [Fees tell ] Hal 
(100) 0 Rep |L1pe 
Proof by Lemma 15: from which we see that the matrix 


[1p¢ he anh eRe bel 
is non-singular. 


1og  RaglF 
abe | BB 6B * Be 
det [Jee + ReeF eR gpl F pe] . (101) Hence, using Lemma 16, the lemma follows. 


= —1 , a 
—RecF pe ia vs [ep ie Rog FocReeF pe] 
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SUMMARY 
In designing machines and apparatus with solid magnetic circuits 
flux/time curves have often to be predetermined to secure a desired 
rapidity of response. Their prediction has hitherto been uncertain 
especially in the presence of saturation. 

In the paper, an attempt is made to derive the equations for the rise 
of flux and current on the basis of a limiting non-linear theory. This 
results in an original treatment and gives a greater insight into the 
physical phenomena involved in the magnetization of a core due to 
impact excitation. The results obtained from these equations compare 
favourably with test results. 


LIST OF PRINCIPAL SYMBOLS 


_ B, = Final flux density, gauss. 

N = Number of turns of the magnetizing winding. 

I = Final exciting current, amperes. 
i = Instantaneous exciting current, amperes. 

R = Resistance of the winding, ohms. 
t = Time, seconds. 

V = Applied voltage, volts. 

i, = Eddy current in the core at time ¢. 

@® = Instantaneous flux, maxwells. 

p = Resistivity of the core material, ohm-cm. 
7 = Length of flux path in solid iron, centimetres. 

b = Width of the rectangular section of the core, centimetres. 
d = Depth of the rectangular section of the core, centimetres. 


(1) INTRODUCTION 


Analytical and graphical methods of determining flux/time 
curves are available for magnetic circuits in which eddy currents 
are negligible. There is, however, a need for a precise know- 
ledge of the damping action of eddy currents. ~ 

An impact excitation on a solid core of iron of given section 
and known electric and magnetic properties creates eddy currents 
in the core whose action is to retard the rise of flux by creating 
a non-uniform distribution of flux density in any section of the 
core. The determination of this distribution becomes more 
complicated owing to the presence of saturation. 

The simplest approach to the analysis of the problem is based 
on the assumption of constant permeability for the iron. Such 
an assumption leads to the formulation of Poisson’s equation, 
giving the distribution of eddy currents over the section of the 
core. This method is applicable only when the decay of the 
flux is of interest, but fails to yield a satisfactory solution for the 
rise of flux if the resistance of the exciting winding is taken into 
account. 

However, equations for fiux and exciting-coil current have 
been developed by Dunaevskii,!2 who considers a magnetic 
circuit consisting of a solid section, a laminated section and an 
air-gap in series combination. These equations are derived on 
the basis of constant permeability of the magnetic circuit. To 
include the effects of iron saturation, the saturation curve of the 
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material could be approximately represented by several straight 
lines, and a step-by-step analysis with different flux values and 
time-constants could be employed. Such an extension of 
Dunaevskii’s method is applied to calculate the voltage response 
using an experimental cast-steel solid toroid (see Section 4) 
having the magnetization characteristic of Fig. 1, with the three 
regions of the saturation curve approximated by straight lines (i), 
(ii) and (iii). The build-up of the flux is computed and is 
plotted in Fig. 4. 

A graphical method of determining the flux/time curve due 
to impact excitation has been suggested by Pohl.* In this 
method the graphical construction® of the curve for a laminated 
core is taken as the starting-point. The method is extended to 
the case of a laminated core having a secondary winding with 
100% coupling. Assuming that an unlaminated core is equiva- 
lent to a laminated one with a short-circuited secondary having a 
resistance related to the section and to the electric properties of 
the materials, it is possible to determine the flux/time curve for 
a solid core. A comparison with the experimental results does 
not justify the replacement of the eddy currents by this fictitious 
damping ring having 100% coupling. 

The object of the paper is to calculate from first principles the 
rise of flux and current in an iron core of given section and known 
electric and magnetic properties when subjected to an impact 
excitation, and to prove its agreement with test results. The 
equations for the rise of flux and current are deduced on the 
basis of a limiting non-linear theory resulting in an original 
treatment. 


(2) LIMITING NON-LINEAR MAGNETIC CHARACTERISTIC 
AND ITS IMPLICATIONS 


For the development of the theory, the material of magnetic 
characteristic shown in Fig. 1 is replaced by one having the non- 
linear magnetic characteristic? shown in Fig. 2. This material 
is magnetized to saturation if the field intensity is different from 
zero and it is only possible to change the flux density at H = 0. 
This implies that if the flux density is changing, H must be zero. 
However, the converse statement, that if H is zero the flux density 
must be changing, is not necessarily true. Thus, it is possible 
to have regions within the material where H is zero, but where 
the flux density can have any constant value less than or equal 
to the saturation induction. The particular constant value 
would depend upon the state in which the material was left 
during some previous process. 

When the exciting winding of a solid core is subjected to a 
sudden change of excitation, the magnetization takes place 
radially inwards, starting from the surface of the core. For the 
material having the non-linear magnetic characteristic it is 
obvious that, at any time ¢ prior to complete magnetization, 
there would be a surface of separation between two states of 
iron in the core, one saturated to the induction density B, and 
the other unmagnetized. In other words, in regions above the 
surface of separation the magnetizing force H is greater than 
zero, whilst in regions below the layer of separation, H = 0. 
The magnetization of the core is complete when the surface of 
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Fig. 1.—Magnetization curve of the experimental solid steel ring. 
The straight line approximations are for use in Dunaevskii’s equations. 


separation moves to the centre of the core. Any change in the 
position of this surface implies that the layers above it undergo 
a change in flux linkage, as a consequence of which eddy currents 
will be induced in this region. Since no magnetizing force exists 
below the surface of separation, the equivalent ampere-turns due 
to the eddy currents in the region above the surface of separation 
will balance the ampere-turns of the exciting winding. 


(3) DERIVATION OF EQUATIONS FOR CURRENT AND 
FLUX ON THE BASIS OF THE LIMITING NON-LINEAR 
THEORY 


Consider a solid magnetic core of length / with a uniformly 
wound exciting coil of N turns and resistance R ohms. Let the 
resistivity of the material be p and the non-linear charac- 
teristic be as shown in Fig. 2. A voltage is suddenly applied to 
the exciting winding. In the following Sections, the equations 
for current and flux are derived for various types of iron section. 


Fig. 2.—Limiting non-linear magnetization curve. 
(3.1) Rectangular Section of Depth very small compared 
with Width 


Consider a rectangular section, shown in Fig. 3(a), where the 
depth, 2d, is small compared with the width, 2b. At time ¢ after 
an application of voltage V, let the surface of separation be at a 
distance x measured from the surface of the core. If, after a small 
time interval dt, the layer moves inwards by a distance dx, the 


change in flux linkage is dD = 2B,.dx. Hence 
d® dx 
Sa, y yaa 
dt “dt 


The e.m.f. induced in the main winding is 


y= onB™ x 10-8 
dt 


(b} 


Fig. 3.—Rectangular sections of solid ring showing the eddy-current 
paths. 


(a) For depth very small compared to width. 
(b) For comparable width and depth. 


All the layers above the surface of separation undergo the same 
rate of change of flux linkage and hence the current density is 
the same in all these layers. The induced e.m.f. for the layers 
above is —(d@®/dt) x 10~*. Hence the total eddy current is ni 


B, dx 
ip = - = 10 = 
ip Shp di x 


If the ampere-turns due to the exciting winding at time ¢ are iN 
then iN + i, = 0, or 

_ Bal dx eciigs? 

~ 2Nbp dt 


The voltage equation for the main winding is V + v — iR=0 
Hence 


dite |Z 
ea Rxl 
1 10- 
2NB,( + ayy) * 10 
Integrating and using the initial condition x = 0 at t = 0, 
Rx? 
= ait Pete —8 
Vt = 2NB( x + vn 
i-———__  .. .. . @ 
4N2b ( 
Ze: * ZN bp 
©. = 4B bx vid u.st ee «| ee 


Eqns. (1), (2) and (3) are the required current and flu 
equations. 


(3.2) Rectangular Section of Comparable Width and Depth 


The surface of separation at any time ¢ has the configuratior 
shown in Fig. 3(6). This particular choice of configuration ha: 
the advantage that its change has only one degree of free 
dom. The eddy-current paths are assumed to have a similar con 
figuration. At time ¢ let the surface of separation be at « 
distance x from the surface of the material. The perimeter a 


lepth x is 4(b + d — 2x) and the change in flux linkage, dO, is 
! Hence 
dD dx 


nd the e.m.f. induced in the main winding is 


-0 = — 4NB(b + d— 2» x 10-8 
mt Nv, 


where v, is the e.m.f. induced in all the eddy-current paths. 
The resistance of an elemental path of thickness dy situated at 
depth y from the surface is 4p(b + d — 2y)Idy. Hence the total 
conductance, G, of the region above the surface of separation 
is given by 


BP Sas at ee one = 
0 4p(b + d— 2y) Mi er ted 
Hence the total eddy current is 
; d® es 
nee “FG X 10 
Also ip, + iN = 0, and V = — v + iR. 
Thus 
dx Vv 
at. RI. b+d—2& 7 
ce nek: SESS Set i oe eS Q-8 
4NB,(1 aor 


Integration and substitution of initial conditions leads to 


Vt = 4B, 1 + ae log (6 + aC + d)x — x2] x 10-8 
8pN 
B,RI 
=F gon AO + d— 2x)[log (6 + d— x) — 4] 
= Ah ay flog (bed) 4|b 0... 4) 
ped 
Vie eae lon te 
pad é 
1 = 
RI b+d—2x 
2 ae 
age [ gon? 8p a | 
‘and SD SNL ( DOO oy eee Aaa aera (;)) 


Ina similar manner, the relevant equations for flux and current 
may be obtained for square and circular sections. 


(3.3) Choice of B, for Computation of Flux/Time and 
Current/Time Curves 


For the actual material, the magnetic characteristic is quite 
‘different from the non-linear characteristic shown in Fig. 2 
For a proper application of the results of the foregoing Sections 
it is necessary to choose suitable values of B,. Also, this choice 
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of induction should be consistent with the nature of the actual 
BIH curve. It is obvious that the first consideration that should 
weigh in the choice of B, is that value of induction which would 
be established when a current i flows in the main winding. On 


this basis, the computation of the flux and current curves would 
be as follows: 


(a) Determine the current for a specific value of x, using eqn. (5). 

(b) For this value of current, choose the corresponding value of 
Bs; from the static magnetization curve of the material. 

(c) Substitute this value of B, in eqns. (4) and (6) to obtain 
relationships between x and ft, and © and t, respectively. 

(d) Repeat (a), (6) and (c) for different values of x and thus 
obtain the flux/time and current/time curves. 


(4) COMPUTATION OF FLUX/TIME AND CURRENT/TIME 
CURVES FOR A SOLID STEEL RING AND COMPARISON 
WITH TEST RESULTS 

The above analysis was applied to a magnetic circuit consisting 
of a solid cast-steel ring without air-gap, of 90-9cm external 

2:5 


®, MEGALINES 
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TIME, SEC 
Fig. 4.—Flux/time curves. 
(a) Experimental results. 
(6) Curve based on Dunaevskii’s equations. 
(c) Curve based on authors’ treatment. 
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Fig. 5.—Current/time curves. 


(a) Experimental results. 
(b) Curve based on authors’ treatment. 


Table 1 


CALCULATIONS FOR THE FLUX/TIME AND CURRENT/TIME CURVES 


0-655 | 0-803 


x, cm (assumed); i, amp (from eqn. 5); Bs, kilogauss (from B/H curve Fig. 


. 1); t, cycles on a 50c/s base (from eqn. 4); ©, megamaxwells (from eqn. 6). 
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diameter, 69-8cm internal diameter and 14-8cm width. Its 
resistivity was 17:48 x 10-© ohm-cm and its magnetization 
curve is shown in Fig. 1. The uniformly spaced exciting coil 
had 200 turns and 49 volts were suddenly applied across the 
winding. The resistance of the exciting winding was 1-464 ohms, 
giving a final current of 33-45amp. Table 1 shows the results 
of the calculations. 

Test results for the above magnetic circuit are given by Pohl> 
and are reproduced in Figs. 4 and 5. Unfortunately, facilities 
are not available for the authors to repeat the experimental work 
of Pohl. Fig. 4 shows the theoretical flux/time curve on the 
basis of Dunaevskii’s equations, as compared with the curves 
based on the present theory and also with the experimental ones. 
Fig. 5 shows a comparison of the calculated current/time curve 
with experimental results. It is seen that the analysis outlined 
in the paper yields results in close agreement with the test results, 
bearing in mind the experimental errors introduced in the oscillo- 
graphic measurements and the integration for the flux curve, 
and also the degree of uncertainty as to the magnetic and electric 
properties of the specimen. 

The present theory appears to be a simple approach to the 
problem of the study of penetration of magnetism into a solid 
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core of magnetic material, taking the non-linearity of the BI. E 
curve into consideration. The method is both elegant an 
simple and yields results accurate enough for design purposes. i 
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SUMMARY 
- The properties of Chebyshev functions and their application to the 
design of several types of microwave components are described. 
Formulae giving the broadest possible-bandwidth in a given physical 
length are derived for stepped transformers, stepped twists and multi- 
element directional couplers. These formulae are intended for 
practical application by the microwave engineer to the design of 
actual components, and it is suggested that they should be used rather 
than the conventional ‘binomial’ formulae, which do not give the 
optimum or simplest design. Microwave band-pass filters with 
‘Chebyshev equal-ripple characteristics are also described. 


(1) INTRODUCTION 


A considerable amount of literature has been published on 
the design of multi-element microwave components. This has 
‘mainly dealt with the type of matching procedure giving what is 
variously known as the binomial, maximally flat, or Butterworth 
‘characteristic (e.g. References 1, 2, 13, 14, 16, 24).. This method 

consists in tapering the voltage reflection coefficients of the indi- 
vidual elements to the coefficients of a binomial expansion. 
However, an improved overall reflection-coefficient/frequency 
characteristic may be obtained by tapering individual elements 
to give a characteristic which is a Chebyshev polynomial of the 
first kind. Several papers have been published on this method,** 
but many of them are mathematically complicated and are 
applied only to the design of a single type of component. This 
may partly account for the apparent lack of use of designs based 
on Chebyshev functions while the binomial designs are widely 
used. The object of the paper is to present the design criteria 
in a simple general form applicable to any type of microwave 
component. Examples are also given, with experimental results, 
of the application of Chebyshev functions to the design of 
quarter-wave transformers, stepped twists, directional couplers The Chebyshev functions may be expanded as a power series 
and microwave filters. in x by use of the recurrence formula: 


Tr41Q) + Ty-1@) = 2xT,@)  . « « @ 


Fig. 1.—Chebyshev functions of the first kind. 


(2) PROPERTIES OF CHEBYSHEV FUNCTIONS 
(2.1) Chebyshev Functions of the First Kind and the first six Chebyshev functions expressed as polynomials 


The Chebyshev function of the first kind of integral order n in x are given in Table 1. 
is defined as 


pee (narccosx).:. |x|<1 a) Table 1 

TD ~ | cosh (mare cosh x)... |x| > 1 aett CHEBYSHEV FUNCTIONS OF THE First KIND 
In the interval || < 1 this function oscillates between +1 and ae 

has (n — 1) equal maxima or minima in the interval. The func- " 

tion also assumes the values +1 at x= +1. Outside this ; 


region the function exceeds unity in value and approaches +O. 
Diagrams of five Chebyshev functions in the interval |x| <1 


x 
2x2 — 1 
Bp =: 5 Ee 
are shown in Fig. 1. ue < ee ie 


16x5 — 20x3 + 5x 
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A general formula for the series expansion of T,,(x) and also 
its expansion as a finite Fourier series are given by Duhamel.? 

When a number of obstacles are arranged along a waveguide 
or transmission line to form a microwave component it is often 
desirable to obtain a good input v.s.w.r. over a broad band. It 
can be shown* !! that the optimum result is obtained by spacing 
and tapering the reflection coefficients of the individual objects 
along the line so that the modulus of the reflection coefficient p 
as a function of frequency deviation Aw is proportional to the 
modulus of a Chebyshev polynomial of the first kind in a 
progressive (i.e. increasing or decreasing) function of Aw, i.e. 


[pha b==sp 7. TT Lf eo) co ee ei) 


Here n is the degree of the polynomial and is one less than the 
number of obstacles along the line, and p’ is the maximum value 
of the input reflection coefficient in the band. Any frequency- 
dependent variable may be substituted for w in eqn. (3), i.e. 
wavelength or its reciprocal, or any progressive function of these 
variables. Such a substitution will be equivalent to a trans- 
formation (or distortion) of the frequency axis, and a Chebyshev 
reflection coefficient (i.e. equal ripple) response with frequency 
will still be obtained. 


(2.2) Chebyshev Functions of the Second Kind 


The rationalized Chebyshev function of the second kind is 
defined as 


sin (” arc cos x) 


=i PANE een aS |x| =< 1 
Wee, oe a 
sinh (m arc cosh x) stay 
a/ (x? ws 1) : |x| Eee 


U,,(x) may be expanded in a power series using the same recursion 
formula as eqn. (2): 


ea) Ua) = xe x). (5) 


The first five functions expressed as polynomials in x are given 
in Table 2. 


Table 2 


CHEBYSHEV FUNCTIONS OF THE SECOND KIND 


16x4 — 12x24 1 


It can be shown that a formula similar to eqn. (3) may be 
written: 


lp(Aw)| =p’. |¢AwU,[fAo)]] . . . © 


and that this represents the case where all the objects along the 
transmission line are identical. Here p’ is a constant and the 
other symbols have the same meaning as in eqn. (3). The 
maxima of U,(x)| are not all equal in the region |x| << 1 but 
increase as |x|->1 [note the denominator in eqn. (4)], so that 
eqn. (6) does not represent an optimum response, which can 
only be given by eqn. (3). However, U,(x) is of interest in 
representing the input reflection coefficient characteristics of a 
uniform non-tapered multi-element microwave component.!° 


if 


(3) APPLICATION OF CHEBYSHEV FUNCTIONS TO THE: 
BROAD-BAND DESIGN OF MICROWAVE COMPONENTS 


(3.1) Derivation of a Chebyshev Response if 


y 


Consider a waveguide with a number of discrete obstacleg} 
equi-spaced along it by electrical distances 


21 a 
d => pe . . . . . . . q 


where / is the physical spacing of the obstacles and A, is the 
guide wavelength. The reflection coefficients of the obstacles! 
are arranged so that the structure is symmetrical. For example, 
Fig. 2 shows four obstacles with reflection coefficients of modulal 


- 
- 


bs ocet akieh al 


P f2 P2 pr, 


Fig. 2.—Four obstacles in a waveguide. 


P1> Pr» P2 Pi» Tespectively, in a waveguide terminated by a: 
matched load. It is assumed that the moduli of the reflection: 
coefficients are all small, so that multiple reflections may be: 
ignored, and that the spacing of the obstacles is sufficiently 
large to prevent the interaction of higher-order evanescent 
modes on adjacent obstacles. These restrictions are satisfied by 
a large class of microwave components (Section 4). The case 
of large reflection coefficients is treated in Section 5. { 

The input reflection coefficient of the four obstacles shown in 
Fig. 2 is 4 

TP = py + poe 7 + pre 46 + pye— Sie 


= (2p; cos 3¢ + 2p, cos p)e7 ss Ge 

Hence, putting x = cos ¢, 
IT| =|2pi73@) +2p7,Q@| . . .. & 
= |8p,x? — (6p; — 2p,)x| , . ae 


Here x is a frequency-dependent variable of the kind specified 
in Section 2.1, and a Chebyshev response is obtained by putting 


[T] = Tx 0 colicok SRE 


where y is a constant equal to the maximum value of |I| in 
the band, and ¢ is a scale factor determining the width of the 
band, the limits being defined as the extreme points where 
|{'| = y. These occur when tx = + 1, ie. where ¢ takes the 
values given by 


1 
Cos Dtim = za 7 (t> 1) . . . . (12) 


In general, yy and t may be independently assigned. 
From eqns. (10) and (11), 


8p,x? — (6p; — 2p>)x = y(43x3 — 32x) 


Since coefficients of x and x? are independent they may be 
equated to give 


8p1 = y4t? 
6 = (13) 
Pi — 2p2 = y3t 
i.e. Pi = tye 7} 
schaies ~imelale (14 
Paris teal) 
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t. 
Now, the sum of the four reflection coefficients is 


Up; = 2(p1 + p2) = y(4e — 31) = yT3(0) 


. Xp; 
Ze. eer 
TO) oe 
Substituting this value of y in eqn. (14), 
Saas 
Pez PITA 
male (16) 
= 33, ah 
P2 Pj T3(0) 


For a given value of Xp;, eqns. (12) and (15) show the relation 
between bandwidth and the maximum value of |I’| in that band. 
The larger the bandwidth, the smaller will be ¢, and the larger 
will be the maximum reflection coefficient in the band. 


(3.2) Comparison with the Characteristic of the Binomial 
Design 


In the binomial method of design the reflection coefficients 
are made proportional to the coefficients of the binomial expan- 
sion with the same number of coefficients as there are obstacles; 
e.g. for four obstacles the reflection coefficients would take the 
values p, 3p, 3p, and p, spaced at quarter-wavelength intervals. 
This is because ali zeros of the input reflection coefficient are 
required to coincide at the mid-band or design frequency. 
Hence to obtain a binomial response the expression for |I’| given 

by eqn. (10) must contain only the highest power of x, 


ue. [T'] = |8p,x3 — (6p, — 2p>)x| = yt3x3 (17) 
so that C= Lye } 8) 
p2 = syt 
The sum of the four reflection coefficients is 
Xp, = yh? 
Sp: 
so that y= a (19) 


The limits of the pass band are defined to the points where 
T| =y, i. where zx = +1, as in thé. Chebyshev case 
[eqn. (12)]. Hence for the same bandwidth the ratio of the 
maximum values of the reflection coefficients in the pass band 


[see eqns. (15) and (19)] is 


y (Binomial) ee TO) = 4 — 3/7, (t> 1) 
y (Chebyshev) t 


ie. the Chebyshev design gives a much smaller maximum reflec- 
tion coefficient for the same bandwidth since T,(¢) > 1 for pS il. 
For example, taking t = 1-5, which is a value that might be 
used in practice, T;()/t? = 2-67, so that the improvement 1s con- 
siderable. It would mean an improvement from 0-875 v.s.w.r. in 
tthe binomial case to 0-95 in the Chebyshev case over the same 
band. The sum of the individual reflection coefficients is the 
-same in both cases. : 

With four obstacles designed to give a Chebyshev response, 
iit is seen from eqn. (16) that the individual reflection coefficients 


care staggered in the ratios 


(20) 


Lar eof 2) 3 = Ji) 21 (21) 
whereas in the binomial case the corresponding ratios are 
| SSS VERS TR (22) 


Since ¢ > 1 the ratio of the inner to the outer reflection coeffi- 
cient is less in the Chebyshev design than in the binomial. This 
is true for any number of obstacles. Hence the assumption that 
the reflection coefficients are all small is more nearly satisfied. 
The fact that a smaller range of reflection coefficients or obstacles 
Is needed in a Chebyshev design can be of considerable advantage, 
since it is often difficult to make small obstacles accurately in a 
waveguide. As an example, difficulty is often experienced in 
manufacturing the end slots in multi-slot directional couplers 
(Section 4.3). The advantage of the Chebyshev design is most 


. marked in this respect when the number of obstacles is large, 


for then the binomial design becomes a very difficult manu- 
facturing problem. For (n + 1) obstacles the second reflection 
coefficient will be times the first in the binomial design, and 
the largest will be greater than the smallest by the factor Ber, 
for n even or ,,Cyi,_1) for n odd. These factors are very large 
for, say, n = 9 (9 and 126 respectively). It is obvious, then, 
that the first and last obstacles contribute very little to the 
design, since they are ‘swamped’ by the reflections from all other 
obstacles. They are required only to satisfy a theoretical 
formula for the input reflection coefficient. A large number of 
obstacles are also often required in the design of microwave 
filters (Section 5), and then there is again a considerable advan- 
tage in using the Chebyshev method, since the ratio between the 
Q-factors of the central and outer cavities becomes more 
manageable. 

A general proof that the Chebyshev design is broader band 
than the corresponding binomial one has been given by Fano.!! 
He has shown that it is not possible to match an arbitrary 
impedance over the whole frequency spectrum or even to all 
frequencies within a finite frequency band. The statement of 
the matching problem must include the maximum tolerance on 
the match as well as the minimum bandwidth in which the match 
is to be obtained. For a given initial mismatch and a given 
final tolerance, there is an upper limit to the bandwidth that 
can be obtained by means of a physically realizable network. 
This upper limit could be obtained only by an infinite number of 
lumped matching elements, and the closest approach to a given 
tolerance over the band is obtained by means of a Chebyshev 
function, or alternatively a Jacobian elliptic function. The 
smaller the initial mismatch, the fewer will be the number of 
lumped elements required to reach the final tolerance. As the 
binomial distribution utilizes a discontinuity greater than the 
corresponding one in the Chebyshev case, and since the remain- 
ing discontinuities constitute a matching network, the attainable 
bandwidth for a given acceptable v.s.w.r. will be less. 


(4) EXAMPLES OF CHEBYSHEV DESIGN 


(4.1) Quarter-Wave Stepped Transformers 


It is often required to make a broad-band transition between 
two transmission lines or waveguides with different characteristic 
impedances. One method commonly employed is to use a 
uniformly tapered transition. However, an equally good transi- 
tion can be made in a much shorter length by using the Chebyshev 
method. The only parameter in a uniform taper which can be 
varied to produce a better match is its length. On the other 
hand, there is an almost unlimited variety of stepped transitions 
in a given length and a Chebyshev design may be chosen. In 
addition, a stepped transition may be simpler to manufacture 
than a smooth taper. ; 

The stepped transition may be derived using the theory 
described in Section 3.1 from the additional knowledge of the 
reflection coefficient at the junction of two waveguides. This 
may be calculated using Farmer’s theory.!?_ In the present 
context the major contribution to the reflection coefficient is 
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due to the change in characteristic impedance at the junction 
(lumped impedances being negligible in effect). If the ratio of 
the characteristic impedances Z;, Z;; of any two waveguides is 
known, the reflection coefficient is given by the formula 


4 Zit 

Uh kate Lian 

This assumes that the effect of higher-order modes may be 

neglected at the junction, which is approximately true when the 

discontinuity is small. The reflection coefficient p; can be 
written 


(23) 


,= ot = | = 58 (log Z) 
OG A ERO AOR 
i.e. p; = $ dog Z; — log Z;+1) 
ae 
=a log aside teat ics a O® 
Cae ate 
Z : 
Hence DEO; AOR ia oe tS Seah ess ie AN IoD 
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where Z, and Z, are the characteristic impedances of the input 
and output waveguides. This condition states that the algebraic 
sum of the reflection coefficients at the junctions is equal to that 
reflection coefficient which would be observed at a direct connec- 
tion of the input and output waveguides. 

The analysis would now proceed as in Section 3.1. 


(4.2) Stepped Twists 


A uniformly twisted waveguide does not represent the optimum 
design in a given length for reasons similar to those given in 
Section 4.1 for the uniformly tapered transformer. A better 
performance in a shorter length of waveguide can be obtained 
by varying the rate of twist along its length. In practice this is 
done by making the twist in the form of a number of steps, the 
magnitude of which can be varied along the twist. The charac- 
teristics of a single-face step twist are given by Wheeler and 
Schwiebert,!3 who have shown that for small steps the reflection 
coefficient is proportional to the square of that angle of twist. 
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Fig. 3.—V.S.W.R. of a three-face two-step 45° twist. 


However, they consider only binomial configurations, and as 
shown in Section 3.2, a much broader-band device may be 
obtained by using a Chebyshev form of taper. As a check on 
the design method, a two-step 45° twist was made of three equal 
15°-step faces spaced at quarter-wavelength intervals; the results 
obtained are plotted in Fig. 3. The general theory of the three- 
face twist is as follows. 
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Consider three faces separated by equal electrical distances gp. 


4 
T = p, + pre 7 + pie | 
} 

i.e. |P'| = |2p; cos 26 + pal 
= |(p2 — 2p1) + 4p127| } 


where x = cos ?. 
The condition for Chebyshev response is 


[P| = |yTte)| = |y2?x? — DI @7) 

and hence, comparing eqns. (26) and (27), <f 
pr = 40 } i 

(28) 

p2 = (? — Dy } 


The angles of the step twists are made proportional to the 
square roots of p; and pj. For simplicity of construction it is 
desirable to make all three angles of twist equal, so that in this — 
case py = p2 = p and ¢ = 4/2, with input reflection coefficient _ 
given by ; 

IT'| = |p(4x? — 1], x =cos¢d . aaa 


The v.s.w.r. of a single-step twist of 15° angle for a waveguide — 
with an aspect ratio* of 2: 1 was measured over a 40% band, 
and was found to vary between 0:93 and 0-95, giving p = 0-03 
in eqn. (29). The v.s.w.r. corresponding to this value of |I"| for 
the three-face 45° twist section is plotted in Fig. 3 as a function 
of A,/A,o, where Ago is the guide wavelength at ¢ = 7/2, i.e. at 
a quarter-wavelength. The experimental result, on the same, 
ae shows fair agreement with theory except at large values» 
OPA... . 


(4.3) Multi-Element Directional Couplers 


The design of multi-element directional couplers may be 
improved by extending the analysis of Harrison! to cover the 
case of Chebyshev equal-ripple responses as well as the conven- 
tional binomial response. In the following analysis the case of 
a five-slot branched guide coupler is considered, although the 
results are applicable to any type of multi-element coupler. 


1 3 
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Fig. 4.—Five-slot branched-guide directional coupler. 


Fig. 4 shows a five-slot branched-guide directional coupler 
with symmetrically arranged coupling elements of voltage 
coupling, @1, 4, 43, @2, a, respectively. The length of each slot 
and the spacing between adjacent slots is made equal to » /4 at 
the design frequency. This is denoted by an electrical length ) 
at any frequency [eqn. (7)]. Following Harrison, for a wave of 
unit amplitude incident on arm 1 and matched on all other arms, 
the wave in arm 2 is equal to V, where 


Vi =ay + ane-7i6 + ae4ib + aye Fi + qye8i@ (30) 
i.e, V = (2a, cos 4¢ + 2a, cos 2b + a;)e-4i¢ 
or |V| = |2a, cos 46 + 2a, cos 26 + ay| (31) 


The analysis now proceeds similarly to that given in Section 3.2 
or 3.2. If all the zeros of |V| are to be coincident at the design 
frequency, a binomial distribution of the a; results. If a mini- 
mum value of |V| over a given band is specified, a Chebyshev 


* Ratio of the broad dimension to the narrow dimension of the waveguide. 


esign is more appropriate and the values of the voltage couplings 
® are given by 


als | 

ay = —f 
T,(t) 2 

_ 2a; 4 2 

oe Ti ae 1 ) r (32) 
da; 

a, = —— (314 — 4741 

where the maximum value of the wave in arm 2 is 
Xa; 
Qn = T,O (33) 


as may be seen by putting x = 1 inthe relation 
|V| = |2ayT qx) + 2ayT 3x) + 45] = aT 4(tx) 
Now the voltage coupling into arm 4 is equal to Vc, where 
Vce—*i¢ = Xa; (34) 


so that the voltage directivity represented by the wave Am iS 
equal to 


an 1 


0 ©) 
Wee TD 
i.e. the worst directivity value in the band is equal to 
Dep, = 20 logio T,) decibels (36) 


The limits of the band are defined in eqn. (12). Taking a 
value for ¢ of 1-6, these limits are found to be given by 


im = 513° and 128-7° 
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which represents a guide wavelength variation of 2:5:1. Sub- 
stituting ¢ = 1-6 in eqn. (12), the minimum directivity over this 
band is found to be about 30dB. This may be compared with 
the theoretical directivity of the binomial coupler at the edges of 
the same band, which is given by 


Dpin = 2() logi9 (t*) decibels 


and with ¢t = 1-6 this is 16-3 dB. 

Even though in an actual coupler the theoretical directivity is 
rarely obtained, the above theory indicates that a Chebyshev 
design is likely to possess a broader-band performance than the 
corresponding coupler designed with the conventional binomial 
response. Another advantage of the Chebyshev design, the 
smaller ratio of the largest to the smallest coupling slot, was 
mentioned in Section 3.2. Thus, for five slots the couplings 
are staggered in the ratio 


1:4(1 -4) :6(1 25 +33) -4(1-5) 21 (38) 


which for t = 1-6 becomes 1 : 2:44 : 3:18 : 2:44 : 1, compared 
with the binomial distribution of 1:4:6:4:1. The ratio of 
largest to smallest coupling in the Chebyshev design is nearly 
halved. Thus, the Chebyshev coupler is mechanically easier 
to manufacture in small waveguides, where for the above design 
the outer slots are nearly twice as wide as in the corresponding 
binomial design. This difficulty is mentioned by Lomer and 
Crompton. !4 

The dimensions and performance of a five-slot 3 dB branched- 
guide Chebyshev coupler with t = 1-6 are shown in Fig. 5, and 
a five-slot binomial coupler is shown in Fig. 6. Modifications 
to the theoretical design (Fig. 4) have been included to allow 
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Fig. 6.—Five-slot 3 dB binomial directional coupler in W.G.8. 
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for end-effects and tight coupling.! If equal coupling at the 
design frequency is taken as the criterion, it is clear that these 
couplers are not directly comparable, but it is evident that the 
performance of the Chebyshev coupler is superior, and if the 
binomial coupler were optimized for coupling, the Chebyshev 
coupler would still possess the better performance. 


(5) APPLICATION OF CHEBYSHEV FUNCTIONS TO THE 
DESIGN OF MICROWAVE FILTERS 


(5.1) Early Design Methods 


The design of Chebyshev filters in the r.f. bands where lumped 
circuit parameters are used is now well known,!° but only com- 
paratively recently has the method been extended to waveguide 
filters® owing to the difficulty of calculating the effects of a number 
of large discontinuities. Previously only two types of waveguide 
filters had been described. The first is known as the maximally- 
flat filter! and corresponds to a binomial taper design, since the 
filter is perfectly matched in its pass band only at the design 
frequency, i.e. the roots of the insertion loss/frequency deviation 
function are all equal to zero and coincide at the mid-band 
frequency to which the filter is tuned. This design is achieved 
by tapering the loaded Q-factors of the cavities according to a 
sine-law relationship.!© It may be noted here that in a multi- 
cavity microwave filter all cavities are tuned to the same fre- 
quency in order to obtain minimum pass-band insertion loss 
and for ease of theoretical calculation. Different filter responses 
are obtained by varying the loaded Q-factors of the cavities, i.e. 
the couplings between adjacent cavities. 

The second type of filter previously described consists of a 
number of identical cavities coupled together by either quarter- 
wave! or direct!” couplings. This has been called a Chebyshev 
filter,!° since the response curve is given by the formula 


eat ce [x (lear. te cee) 


where L is the insertion loss, x is a frequency-dependent variable 
equal to zero at the design frequency, 7 is the number of cavities 
and U,(x) is the rationalized Chebyshev polynomial of the 
second kind, of degree (7m — 1) (Section 2.2). However, for 
n> 3 this response curve always contains two or more insertion- 
loss peaks in the pass band which rapidly increase in magnitude 
as nincreases. For example, forn = 4 they are equal to 0:97 dB, 
and hence this type of filter is practically useless for a large 
number of cavities. It is not a true Chebyshev filter, but may be 
referred to as the Chebyshev equal-cavity filter, not to be con- 
fused with the Chebyshev equal-ripple filter. 

The equal-cavity filter does possess the advantage that the 
attenuation outside the pass band increases far more rapidly 
than in the case of the maximally flat filter, which, however, has 
the better response in the pass band. A compromise between 
the two filters is necessary, i.e. one with high attenuation outside 
the pass band consistent with a tolerably low pass-band insertion 
loss. A step in this direction was taken by the introduction of 
the concept of the generalized filter, i.e. one with the Q-factor 
of the cavities tapered in a quite general way. An analysis of 
the resulting configuration has been made for filters with six 
cavities or less, but the results are often complex and the equa- 
tions become unwieldy for more than four cavities.!7.18 In 
addition, for any filter with an even number of cavities, whose 
response in general may contain a centre-band mismatch, the 
method applies only to the special case of responses with zero 
centre-band mismatch. On the other hand, the analysis of the 
generalized filter is particularly instructive and useful in the case 
of three cavities, for the resulting design is always a Chebyshev 
equal-ripple filter. 
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(5.2) Cohn’s Method for the Equal-Ripple Chebyshev Response } 
Filter : 


A narrow-band Chebyshev equal-ripple filter cannot be 
designed by the method given in Section 3.1, for the assump- } 
tion that the reflection coefficients are small is far from true. 
The individual obstacles may have reflection coefficients which 
approach unity. The only method is to synthesize the filter | 
from the desired insertion-loss function by the procedure first | 
discovered by Darlington!® (described briefly in Ragan, | 
Reference 2, p. 580). The results of the method applied to. 
microwave filters are given in a paper by S. B. Cohn.® Here, | 
not only are design formulae given for Chebyshev equal-ripple 
narrow-band filters, but also equally accurate formulae fom 
comparatively wide-band filters, i.e. those with bandwidths 
greater than about 1%. Experimentally good agreement has 
been obtained with direct-coupled filters of up to ten cavities 
with bandwidths of up to 12%. 

It has been found possible to simplify Cohn’s formulae to 
some extent as an aid to computation, and the revised theory - 
for waveguide filters with equal-ripple Chebyshev characteristics - 
is presented below. | 

The filter consists of a number of waveguide cavities formed 
by inductive susceptances, spaced at approximately half-wave-— 
length intervals. The cavities are coupled directly in cascade, 
so that each susceptance, except the two at the ends of the filter, 
is common to two cavities. The filter response is symmetrical 
with respect to guide wavelength dr, rather than to frequency, 
and the optimum response is given as a function of A, by the 


formula \ 
r=140="%p ee + Ay) = | aon 
4s pAGval cor Ag) 

where L is the insertion loss and n is the number of cavities. 
The pass band is defined by A,; and A,,, the values of A, at its 
edges, and s is the worst v.s.w.r. in this band. From the proper- 
ties of the Chebyshev polynomial it can be seen that there will 
be (7 — 1) equal ripples in the pass band with the v.s.w.r. 
varying between unity and a prescribed value of s. 

The normalized susceptances in the filter are arranged in the 
sequence 


bot; biz; b233 -. + 5 bn—1yns Onn+i ee 
and the distance d; between the susceptances 6; _,; and 
bii+1, ie. the length of the ith cavity is given by 
2rd; 1 Fe 
Q; = Raw = 5 (are tan ae + are tan ras (42) 


Since the susceptances are inductive, b is negative and ¢; is 
chosen so that 


aus 
5 <o).< 0 VS eee 


To obtain a Chebyshev response in the given band, the required 
susceptances are 


bein §0 _ VE 841) 
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where go is a number dependent on the bandwidth of the filter, 
; [Agi — Aga| 
ie. =e ee 
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and the response shaping factors g,;, which are dependent on the 
number of cavities, n, the worst v.s.w.r. in the pass band, s, are 
given by the formulae 


“pe Te 1 . 2A/s 
g = 2sin > / sinh (— are sinh —Y*) «> a (46) 
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The normal forms of obstacles used in waveguide filters are 
the inductive post structures?! 22.23.24 and the circular. aper- 
ture,?5 the former generally being preferred in waveguide for 
mechanical reasons. Fig. 7 shows the performance of a nine- 
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cavity filter designed to give eight dips of v.s.w.r. 0-85 in the 
pass band. In practice, some of these are smoothed out by the 
finite insertion loss in the pass band of about 0:5dB and by 
mechanical errors, but the attenuation outside this band is in 
almost exact agreement with the theoretical value given by 
eqn. (40). This filter gives an identical performance whether 
manufactured in brass waveguide with soldered copper posts 
and a silver-flash finish or in aluminium waveguide using alu- 
minium posts fixed in position by a salt-bath brazing method. 
It is worthy of note that this filter was designed entirely by 
theory, with only small experimental corrections to allow for 
the finite thickness of the inductive obstacies. No tuning screws 
are required if the tolerances are held to within reasonably close 
limits. 
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SUMMARY 

The electric field surrounding bundle conductors can be determined 
by replacing each conductor of the bundle by one of negligible radius 
displaced slightly from the centre of the original conductor. This is 
based on the fact that equipotential surfaces near such a thin conductor 
are nearly cylindrical, so that an actual conductor may be so placed 
as to take up the position of one of the equipotentials. The accuracy 
of the method depends on the ratio, D/d, between the diameter of the 
bundle circle and that of each conductor; the greater the ratio, the 
more accurate is the method. With the ratios usually found in high- 
voltage transmission lines, the deviation of the equipotential surface 
from a true cylinder is small, and it can be arranged that the deviation 
is zero at the point of maximum surface gradient. Maximum devia- 
tion from the surface of a cylinder occurs somewhere between points 
of maximum and minimum gradients. For example, with a bundle 
of two conductors and D/d = 10, this maximum deviation does not 
exceed 0-5%; with D/d = 20 it is about 0-:1%. 

The analysis deals with single-phase lines with a bundle of 2, 3 or 
4 conductors, but it can be extended to cover any number of conductors 
in a bundle. For 3-phase lines the resultant field can be found by the 
principle of superposition when the fields due to the two other phases 
are taken into consideration. In the latter case, the electric charge per 
metre of each phase is to be determined with all the three phases and 
their images involved. 

Formulae giving the potential gradient at any point on a conductor 
surface are developed and compared with those given by Cahen.1 
The method is checked by experimental field mapping using a circular 
double-layer electrolytic tank. 


LIST OF PRINCIPAL SYMBOLS 
d = 2r = Diameter of each conductor. 
D = 2R = Diameter of bundle circle. 
n = Number of conductors in a bundle. 
q = Charge per unit length of each conductor. 

En = 9/€o27r = Surface field on conductor of radius r and 
charge q per unit length, g being uniformly distributed 
over the conductor. 

V = Potential of bundle conductors relative to earth. 
H = Height of centre of bundle circle above ground. 
5 = Displacement of equivalent conductor from the centre of 
the original conductor. 
ro = Radius of equivalent conductor, which is negligibly small 
compared with r. 
Dy = D + 26 = 2Ry. 
Vo = Potential of equivalent conductor relative to earth. 
AB...G...N are centres of actual conductors in a bundle. 
AoBy... Go... No are centres of equivalent conductors. 


(1) INTRODUCTION 
With the expansion of electric power-supply systems, higher 
transmission voltages, such as 275, 287, 380 and 400 kV, have 
been introduced for reasons of economy. In order to avoid 
excessive corona loss, special typues of conductor have been 
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designed to reduce the maximum electric field at their surfaces. . 
In one design, each phase employs a bundle of two or more 
conductors, with a total section equal to the economic section; 
this arrangement also reduces the line reactance—a desirable 
feature in long-distance a.c. transmission. 

Poritsky” and Quilico? have analysed the electric field near a 
bundle of two conductors by means of conformal mapping, 
while Cahen and Pelissier!» 4 have deduced a very simple approxi-— 
mate expression for calculating the electric field on a conductor 
surface in a bundle of any number of conductors. A method is 
proposed in the paper of calculating the field near bundle con- 
ductors based on a simple physical representation. When 
parallel, thin conductors are placed symmetrically on the 
periphery of a circle, each carrying an equal charge per unit 
length, the equipotential surfaces very close to any conductor 
will be found to be nearly cylindrical. Each equivalent con- 
ductor has a very small radius, so that the distribution of charge - 
over its surface will be uniform; at the same time, with a finite — 
radius, the surface potential gradient will be finite, although very, | 
high, because of the small radius. The actual bundle conductors} 
are now identified with suitable nearly-cylindrical equipotentials 
of the thin-wire arrangement. 

Throughout the paper, only single-phase lines are considered, 
with the effect of earth on the distribution of charge over a 
conductor surface neglected. The information given in the paper 
would still be useful for 3-phase lines, but with the following 
additional remarks: 


(a) The distribution of charge on a conductor surface is assumed 
to be unaffected by the presence of charges in the other phases. 

(b) The charge, g, on each conductor is to be determined with all 
the three phases involved, as well as the effect of earth. 

(c) The resultant field is, by the principle of superposition, the 
sum of fields due to all the charges in the three phases. 


(2) EQUIPOTENTIAL LINES NEAR A BUNDLE OF VERY 
SMALL PARALLEL CYLINDERS 


Fig. 1 shows a single-phase line with a bundle of n conductors, 
each of radius rg and carrying a positive charge g per unit length, 
ro being negligible compared with Ro. By neglecting the effect 
of electric images, the potential, V,, at point P relative to 


Fig. 1.—A bundle of n conductors whose radii are negligible. 
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the potenti i 
ee ee Vo, of the bundle can be determined in the 


Vy — Vy = — La tng, ASPX BOP x... x NP. 
€927 “19 X BoAg X... X NoAo 


* P will trace an equipotential path if the product 
oP X BoP x... X NoP is constant, say equal to K,,Ré. 


We can thus define an equi 11 a ; 
: quipotential line b : 
value of K,,. Hence Y giving to it a certain 


K,,R5 


V,-V=— 
2 . ro X BoAg X... (1) 


qd 5 
San log. 
€947 x NoAo 


_Fig. 2 shows examples of equipotential lines surrounding bundles 


| 
| 
of two and three conductors respectively. On account of the 


(2) 


= Ro 
(6) 


Fig. 2.—Equipotential lines surrounding a bundle of conductors. 


(a) Two conductors. 
(6) Three conductors. 


symmetry, the field is shown only in part in each case. It can 
be seen that when K,, is small the locus is nearly a circle. 
Section 9.1 explains the construction of equipotential lines in 


a bundle of two or more conductors. 


(3) EQUIPOTENTIAL LINES NEAR A BUNDLE OF PARALLEL 
CYLINDERS WHOSE RADII ARE NOT NEGLIGIBLE 


It has been seen that when K,, is small the equipotential lines 
near a bundle of very small parallel cylinders are nearly circles. 
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(The deviation of these lines from true circles will be studied in 
detail in Section 3.2.) On replacing the bundle conductors by 
ae of such suitable equipotential lines, the electric field near 

c bundle conductors can be determined, as in Section 2 by 
substituting for them equivalent conductors each of a very small 
radius 'o. Thus, the boundaries of the bundle conductors are 
now circular equipotentials produced by the equivalent con- 
ductors which have the same charge per unit length as that of 
the original conductors. In practice, the ratio of the diameter 
- the bundle circle to that of each conductor is known. It is 
oe aie Nas. of K, corresponding to the contours 


(3.1) Relation Between D/d and K,, 


At values of K,, below about 0-3 the equipotentials can be 
yates to be circular in shape, as shown in Fig. 3. A, B,... 
» ++. N are centres of the actual conductors each of radius r, 


CIRCLE OF 
EQUIVALENT SMALL 


ea 


F BUNDLE 
| CIRCLE 


n-g 5: a 
Fig. 3.—A bundle of m conductors whose radii are not negligible, 


and Ao, By... Gog... Ng are the centres of equivalent conductors 
each of very smail radius 79. Consider a given equipotential 
surface passing through P and Q and lying on the radial line 
through the centre of the bundle circle; for point P (OP = X)), 


AoP . BoP. CoP... GoP.. . NoP = K,RG 


From symmetry, the product of these lengths is equal to the 


product of the corresponding vectors. Then, since 
ee Oa & 
GoP = X1 — oS) pe rere ds + j sin ag =e 
n n 
we find 
n 2g —1 » 2(g-— 1 
I {x as Ra | c0s — +7 sin ieee) = K,,R5 
g=1 


But, by de Moivre’s theorem, the above product is the product 
of all the simple factors of Xj — Rj. Hence 


Xp — Rj = KR (2) 
Similarly, for point Q (OQ = X)), 


ApQ . BoQ . CoQ... . GoQ. . « NoQ = KRG 
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and 


n ee . y = 1)7 ame, it 
Il {#o| cos 2 =D" yan ee = = K,,R6 
faa | 


ie. RR NR RG Tegal ES) 
Solving eqns. (2) and (3) simultaneously gives 


K, bes xy 2 and Rt = 4(Xf + Xf) 


n x} ae XxX} 
Replacing X, by 4(D + d) and X, by 4(D — d) gives 


penn) aes 
Enya 


aie | ae: n n 
amma Gry +G-] - - © 
and 6 = AAy = Displacement of equivalent conductor from the 


centre of the original conductor. 
a Ro — R 


-WELG+Y+G-Y}-2 - © 


Fig. 4 shows the relation between D/d and K, for n = 2, 3 
and 4 respectively. 


(4) 


0-3 


Fig. 4.—Relationship between K,, and D/d. 


To determine the electric field around bundle conductors with 
a known ratio of D/d, it is necessary to find the corresponding 
value of K, in order to locate the position of equivalent con- 
ductors. K,, can be calculated by eqn. (4) or read directly from 
Fig. 4. 


(3.2) Deviation of Equipotential Lines from True Circles 


Consider one of the bundle conductors in Fig. 5 and compare 
the equipotential passing through P and Q and the circle passing 


sb 


Fig. 5.—Deviation of equipotential line from true circle. 
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through the same points. The circle, which is the actual con- 
ductor periphery, has radius r and centre A as shown in Fig. 5. 

er (p; 6) be the polar co-ordinates of the equipotential with 
the origin at A, and let e be the deviation of p from r per unit 
of r. Thus p =(1 —e)r. Section 9.2 gives the derivation of e 
in terms of 6 for n = 4. For other values of 1 the same pro- 
cedure can be followed: 


(a) n = 2. 
S _[t-vd — 43) sin 70 a 
2{2 + Ky cos 6 — [1 —+/(1 — K})] cos? oy 
(b) n =3. 
78 + Agr? + Agr* + Agr? + Agr? + Ayr + Ao (8) 


6r® + SAsr> + 4Agr* + 3Agr? + 2Aar* + Ayr 
where A; = 6R cos 8 
A4 = 3R?(4 cos? 6 + 1) 


A; = 6(2R? + R3) cos 6 — 8(R§ — R%) cos? 8 
= 3R(R? + Ra) — 12(R3 — R®)R cos? 0 

A, = — 6(R3 — R*)R? cos 8 

Ag = (R3 — R°)? — K2R§ 


(Cc) n=4. 
78+ Bor? + Ber? + Bsr? + Bart + B3r? + Bor? + Byr + Bo 
8r8+-7Bor7 + 6Ber® +5Bsr°+4Byrt* +3B3r2+2Bor? + Byr 
(9) 
where B, = 8Rcos 0 | { 
Bg = 4R(6 cos? 6 + 1) . 
Bs = 8R? cos 63 + 4 cos? 6) 
B, = 6R* — 2R§ + 16(3R* + Ré) cos? 8 
+ 16(R* — R$) cos* 6 
B; = 8R cos 6 [3(R§ + R*) + 4(R* — Ré) cos? 6] 


= 24R?(R* — Ré4) cos? 6 + 4R?(R* + 3R6) 
B, = 8R°(R* — R$) cos 6 
Bo = (R§ — R*) — K2R8 


ae 
x10 
re 


o8 


fe) 30 60 90 120 150 180 
6 vEG 


Fig. 6.—Variation of e with @ for n = 2. 
(a) Ky = 0-3, D/d = 6°51. 
(b) Kz = 0:2, D/d = 9-90. 
(c) Kz = 0-1, D/d = 19°95. 
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_ Fig. 6 shows the variation of e with 6 for n =2. Similar 
curves are obtained for n = 3 and n = 4. It can be seen that 
e is zero at 0 = 0° and 180° and the maximum error occurs 
Somewhere near § = 90°. When @ = 0 we have the position 
for maximum surface gradient, and the deviation from a true 
circle in this region is a minimum. This is a desirable feature, 
since the maximum electric stress is of interest to transmission 
engineers. 


(4) ELECTRIC FIELD AT CONDUCTOR SURFACE 
The electric field at any point on a conductor surface is 
influenced, not only by the charge on this conductor, but also 
4 other charges in the bundle. In the following analysis, 
= (q/€o27r). 
(4.1) Electric Field on Conductor Surface due to its own Charge 
[Fig. 7(a)] 
Let 4,E be the electric field at Z due to the equivalent charge 


at Ag. Then 
Gs). ) 


€ord0 cos (B — 8) 
This field is along the direction of AgZ and hence its normal 
_ component to the surface of the conductor, at Z, is given by 


AE® = ae Cos (B = @) 


aE ) 
ry €ordé 
= E,,r(r — 6 cos 6)/(r? + 62 — 2ré cos 8) . 


Axe = 


(10) 
(4.2) Electric Field at Conductor Surface due to other 
Charges in the Bundle 

(a) n = 2 [Fig. 7(6)] 
pEe = Electric field at Z due to the equivalent charge at Bo. 
q 
—— BoZA 
my hey ee 
a r+(D + 8)cos 0 
nD + 82 + 2D + dyrcos6 +7? 
(b) n = 3 [Fig. 7(c)]. 
pEo + cEe = Electric field at Z due to equivalent charges at 
By and Cy respectively. 
gq (cos bats eh cos oe) 
€9277 BoZ CoZ 


(11) 


$D8+ 6+4+r 
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(a) 


(¢) 


Fig. 7.—Electric field on conductor surface. 
(a) Due to its own charge. 


(b) Due to other charges in the bundle for n = 2. 
(c) Due to other charges in the bundle for n = 3. 


(12) 


rE Eq! (3D? + 3D6 + 5? — r?)[3D* + 


(c) n= 4. 
pEe + cEa + pEs 
cos L&oZA 


acon A Dots) 
Cw ) 


DZ 


qd (= /BoZA 


elm BoZ 


[ 
r[r + (D + 8) cos 6] 
~ Em D+ 8) + 2D + Br cos 8 +r? 


[6+ +@)-AIp 


24 (3D + 8)rcos O|(r? — 2rd cos 0 + eB 
K}(D/2 + 8)° 


(3) Ra eRe é ee 3) | 


an + Drcos@ +r? + (5 £ 3) | ae a(5 = 8) sin? 6 


— Electric field at Z due to equivalent charges at By, Cy and Dg respectively. 


(13) 
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(4.3) Resultant Electric Field at any Point on a Conductor 
Surface 

The resultant field, Es, can be calculated by adding the fields 
due to the different equivalent charges concerned as given by 
eqns. (10)-(13). 


1-21 


Table 1 a 


VARIATION OF Eo/E,, with 0 
1:15 


Eqns. (10 i Eqns. (10) | Cahen’s Eqns. (10) | Cahen’s 11 
ety, equation | and (12) | equation | and (13) | equation 


1-1024 | 1:1000 | 1-1346 a 1-2094 : 1:09 
1-0870 | 1-:0866 | 1-1122 : 1-1770 
1-:0498 | 1-0500 | 1:0549 0 1:0944 5 
0:9999 | 1-0000 | 0:9849 ° 0-991 2 : Roe 
0:9402 | 0-9500 | 0:9236 2 0:8967 g 
0:9131 | 0:9134 | 0-8837 : 0:8318 
0:8997 | 0:9000 | 0-8702 : 0-8088 rate 
5 10 15 20 25 30 35 40 
Did 
Table 1 shows the variation of the resultant fields with 0. Fig. 8:—_-Relationship ‘between. Salis eae 
The values are compared with those calculated by Cahen’s 
approximate equation,! namely Sins 


d 
Fo =€,,\ 1 n— 1) Se0s6 
tv) ef ae ( ) D Pe, 
(4.3.1) Maximum Electric Field at the Conductor Surface. 


= 
From Figs. 7(b) and 7(c) the maximum electric field is seen to aes 
occur when 0 = 0 for a given value of D/d. 
For 1 = 2, eqns. (10) and (11), 


Ey = E,(D + 2r)r/(Dr + r2 — Dd — 8?) 5 La NA) 


4:25 


For n = 3 (eqns. (10) and (12), 


rie A (Dy/2 + D + 2r) - 1 a (15) 
0 2 2 
Do/4 + D/2 isD5 — 6 Fig. 9.—Relationship between Eo/V and D for a bundle of three 
LOM Oot 8 conductors, with d = 30mm and H = 25m. 


4:24 
200 300 400 500 600 700 800 
D,mm 


For n = 4, eqns. (10) and (13), 


E,,r(D + 2r)3 (16) | 


ee oe pears J 


The variation of E)/E,, with D/d is shown in Fig. 8. ae 
D/d will also affect g for. a given line voltage, and hence E,, 
eqns. (14)-(16), the maximum field, Ey, must be jee in 
conjunction with £,,, which is a function of H, D and dina 
bundle of m conductors. 

Consider a bundle of three conductors, with d = 30mm and 
H =25m. When the diameter of the bundle circle, D, is varied 
from 290 to 900mm, the maximum surface sradient, Eo, in 
terms of the voltage to earth, V, varies in accordance with the 
curve shown in Fig. 9. It is seen that the maximum gradient 
is the least when D lies in the neighbourhood of 500mm. The 
values of d and H chosen for this example are very close to those 3 Pras oe a eS 
for the 400kV transmission lines described by Rokotyan and . TORSO nee Se 
Lebedev,° using a bundle of three conductors. It is of interest ; : +1 4: 
to note that there the diameter of the bundle circle chosen is Ne Ee La Ode i Whe pO Bee 
400 x 2/4/3, or 462mm. 


Potential of conductors = 100; potential at infinity = 0. 


: 
: 
; 
; 
| 
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(5) MAPPING OF ELECTRIC FIELDS NE 
CONDUCTORS IN A DOUBLE-LAYER PRCULA TACs 

Fig. 10 shows the electric field surrounding a single-phase line 
consisting of a bundle of two conductors. The solid lines are 
obtained from theoretical calculations by the method outlined 
in the paper, and the small circles indicate experimental points. 
The closeness between the experimental results and the theoretical 


calculations can be clearly seen. A similar result has been 
obtained for n = 3 andn = 4, 


(6) CONCLUSIONS 


The proposed method of calculating the electric field near 
bundle conductors is to replace the actual conductors in a 
bundle of z conductors by n equivalent conductors of very small 
radius, ro, which is negligible in comparison with the spacing 
between the conductors. These equivalent charges are displaced 
from the centres of the original conductors by such an amount 
that one set of equipotential points coincides with points of 
maximum and minimum surface gradient at the conductor 
surface. This permits of an accurate evaluation of the maxi- 
mum gradient. The maximum deviation of equipotential sur- 
faces with small values of K,, from true circles occurs at points 
in the region between maximum and minimum surface gradients, 
and for D/d ratios used in practice this deviation is well below 
1%. Once the positions for equivalent charges are located, the 
field at any point near the bundle conductors can be determined. 
The method may be extended to cover 3-phase lines by the 
principle of superposition. 

The advantage of the method therefore lies in the fact that it 
gives the most accurate evaluation of maximum surface gradients 
over bundle conductors. With a system of equivalent charges 
established, the electric field at any point can also be easily 
computed. 
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(9) APPENDICES 


(9.1) Construction of Equipotential Lines due to Parallel 
Conductors of Negligible Radii 


For a bundle of two conductors (Fig. 11), the equipotential 
lines can be determined by 


C2 = R2{cos 26 + a/[cos? 26 — (1 — KDI} 
where C; Cy — K,R3. 


Fig. 11.—A bundle of two thin conductors at Ao and Bo. 


When K, = 1 the locus becomes the well-known curve of 
‘lemniscate’, for other values of Ky the loci are known as 
‘Cassinian ovals’. 

For a bundle of more than two conductors, a mathematical 
determination of the locus of equipotential points is not easy. 
Consider only one conductor with its centre at Ag and of a very 
small radius, ro, in a bundle of three or four conductors, as 
shown in Fig. 12, in which point O denotes the centre of the 


Xx 
O 0-2 0-406 08 1:0 1:2 1:4 1'°6 1:8 2:0 
| A 


) Ro | ° a> 


Fig. 12.—Determination of K, at the corners of small squares. 


bundle circle. Subdivide the space in the first sector into 
squares of sides, say, one-tenth of Ro. Determine the axis of 
symmetry, OS, which is at 60° with OX for n = 3 and 45° for 
n=4. Compute the values of K, at the corners of those 
squares lying between OS and OX. Then plot a set of curves, 
each showing the relation between K,, and x for a given value 
of y. These are plotted in Fig. 13 for n = 3 and 4 respectively. 
If necessary, another set of curves may be plotted showing the 
relation between K,, and y for given values of x. When K, of 
an equipotential line is given, the co-ordinates x and y can be 
found from these curves. 


(9.2) Deviation from a True Circle of an Equipotential with 
a Small Value of K,, 


Consider the case of n = 4 only (Fig. 14). 


Point Z(x, y) is a point on an equipotential line 


[(e — Ro)? + y7][@ + Ro)? + 7] 
[x2 + (Ro — y)?][x? + (Ro + »)?] = KZR§ 17) 
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Fig. 13.—Graphs for determining the equipotential lines of a 
bundle of conductors. 


(a) Three conductors. 
(6) Four conductors. 


as 


Do 


Fig. 14.—A bundle of four conductors. 


By shifting the origin from O to A and using polar co-ordinates 
(p, 9) with respect to A, we have the transformation 
x =R-+pcos@ 
= psin 8 
t 


Substituting R + pcos 6 and p sin @ for x and y respectively in 
eqn. (17) and rearranging the terms gives 
p® + Bip’ + Bep® + Bsp° + Bap* 
+ B3p? + Bop? + Byp + By =0 (18) 

where 

B, = 8Rcos 0 

Bs = 4R7(6 cos? 6 + 1) 

Bs; = 8R> cos 6(3 + 4 cos? 6) 

By = 6R* — 2Rj + 16(3R* + Rg) cos? 6 + 16(R* — Rb) cos* 8 

B; = 8R cos 6[3(R§ + R*) — 4(R§ — R4) cos? 6] 

B, = — 24R°(R} — R*) cos? 6 + 4R2(R* + 3Ré4) 

B, = 8R°(R* — Ré) cos 6 

By = (R§ — R*Y? — KGR§ 

Let p = (1 — e)r. Since the deviation, e, of the equipotential 
from a true circle is small when K, is small (say at values below 


0:3), p™ in eqn. (18) can be replaced by (1 — me)r™ without 
appreciable error (m = 1, 2,... 8). 


Thus 

_ P+ By! + Ber? + Bsr? + Bar’ + Bar? + Bor? + Byr + Bo 
© 881 TByr + 6 Ber’ + SBor + 4Byr4 + 3Byr> + 2Byr? + Byr 
which is eqn. (9). 


e 


we a We Oe 


621.318.424.014.4 


The Institution of Electrical Engineers 
Monograph No. 339 U 
June 1959 


© 


EDDY CURRENTS IN SOLID IRON DUE TO ALTERNATING MAGNETIC FLUX 


By N. KESAVAMURTHY, M.A., B.E., M.Sc.Tech., 


Graduate, and P. K. RAJAGOPALAN, B.E., M.S. 


(The paper was first received 27th October, 1958, and in revised form 23rd February, 1959. It was published as an INSTITUTION MONOGRAPH 
in June, 1959.) 


SUMMARY 


The predetermination of the phenomena connected with the penetra- 
tion of alternating flux into solid iron due to an alternating magnetic 
field is a problem of great complexity. The prediction is particularly 
difficult in the presence of saturation. 

; The object of the paper is to present a unique graphical construc- 
tion which would enable the designer to compute readily quantities 
such as flux, eddy-current loss, etc. This single construction has the 
merit of suitability for determining the above quantities for any mag- 
netic material over any desired range of frequencies. 

A close examination of the geometry of the graphical construction 
leads to a new method of formulating the basic equations. This 
method of approach brings out the importance of the law of variation 
of the magnetizing force with the depth of penetration of the flux for 
the determination of all other relevant quantities associated with the 
phenomena. On the basis of the basic differential equations, a law 
for the field intensity is suggested, to take saturation into account. 
This law is shown to agree favourably with the results of the graphical 
construction. 

The analysis is applied to two different magnetic materials and is 
verified experimentally. 


LIST OF PRINCIPAL SYMBOLS 


h, H = Instantaneous value and amplitude respectively of the 
magnetizing force at point (x, y, z), AT/cm. 
Hp = Amplitude of the magnetizing force at the surface of 
the iron, AT/cm. 
b, B = Instantaneous value and amplitude respectively of the 
flux density at the point (x, y, z), gauss. 
B, = Saturation flux density, gauss. 
®, ®) = Amplitude of the flux at the point (x, y, z) and at 
the surface respectively, per unit length in the 
z-direction, maxwells. ‘ 
pe = Permeability of iron. 
p = Resistivity, ohm-cm. 
@ = Phase shift at (x, y, z) of H or of B. 
A = Phase shift at (x, y, z) of ®. 
ys = Phase difference at (x, y, z) between H and &. 
Xo = Total depth of penetration, cm. 
w = Angular frequency, rad/s. 
, = Iron loss per surface area, watts/cm?. 


(1) INTRODUCTION 


A problem of great practical interest is the complete pre- 
determination of the phenomena connected with the penetration 
of alternating flux into solid iron due to an alternating or rotating 
magnetic field. The classical expressions for the flux and current 
distribution and the iron loss due to an alternating m.m.f. rest 
on the assumption of constant permeability and, therefore, apply 
only to low values of flux density. It is now increasingly realized 
that the saturation of the iron is an important factor, and many 
authors!~4 have presented various theories to take saturation into 
account. Among these, the graphical analysis suggested by Pohl 
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is rigorous in so far as it is a step-by-step solution of a non-linear 
differential equation which takes into account the exact nature 
of the magnetization curve of the material. In this method, in 
order to predetermine the flux, eddy-current loss, etc., for a given 
material over a particular range of frequencies, a family of 
curves has to be constructed. Consequently, the method is 
laborious when the magnetic and electric data of materials vary 
over a wide range. Hence there is a need for a graphical con- 
struction, the results of which could be interpreted for any 
magnetic material over a wide range of frequencies and resis- 
tances. The object of the paper is to present such a method. 

Furthermore, a closer examination of the geometry of the 
graphical construction suggests an alternative formulation of the 
basic differential equations underlying the phenomena. These 
equations in turn suggest a law of variation for the magnetizing 
force with the depth of penetration of alternating flux that is par- 
ticularly applicable to saturated cores. The validity of the law 
is examined in the light of the results of the graphical construction 
and experimental data. 


(2) A NON-DIMENSIONAL GRAPHICAL CONSTRUCTION 
FOR THE DETERMINATION OF ® AND H CURVES 


Consider an infinite half-space of solid iron with its surface on 
the y, z-plane and excited so that the magnetizing force at the 
surface is in the y-direction only. The x-direction is normal to 
the y, z-plane and is measured towards the surface. Clearly, 
at any point (x, y, z), H,, B, and @, alone exist, and each is a 
function of x only. In what follows, the above quantities are 
denoted by H, B and ® respectively and are to be understood 
as functions of x only. 

For the simple case of constant permeability, the effects 
at depth x produced by the surface magnetizing force, 
ho = Ho cos wt, without regard to hysteresis, may be expressed* 
as 


+ 


h = Hoe" cos (wt — mx) 
and b = Boe’™* cos (wt — mx) 
also ®D = Doe"* cos (wt — mx — 77/4) 
(1) 
where m= ie x 10-8 
_ -H 
and DO) = VOm 


These equations show that the H-vector leads the @-vector by 
45°. This phase shift is constant at any value of x. The above 
rigorous analytical solution is valid for the case of constant 
permeability, that is, for that part of the magnetization curve 
below the knee. For the upper part, we shall have to be content 
at this stage with a graphical construction. 


(2.1) Graphical Analysis by Pohl 
A graphical treatment to determine the flux and current 


distributions in solid iron under saturation has been developed 
by Pohl.* This analysis is an extension to a non-linear medium 


of a method originated by Hay.° 
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In this step-by-step construction, the values of H and ® 
at x (measured from an arbitrary origin) are assumed to be 
known. The problem is then one of determining graphically 
the values of H + AH, ® + A® at an adjacent layer at distance 
x + Ax. The flux density at x is known from the assumed 
value of H at x and from the B/H curve. Also, AH = (E,|p)Ax 
where E, is the electric force at the layer x, determined by 
the assumed flux, ©. Lastly, A® is given by BAx. These 
quantities are added vectorially to give their magnitude and 
phase at the adjacent layer x + Ax. The starting-point for H 
is the point on the B/H curve when linearity terminates, and, by 
eqns. (1), the magnitude and phase of B and ® at this point are 
known. This step-by-step construction is illustrated in Fig. 1. 


Fig. 1.—Step-by-step graphical construction. 


(a) B/H curve indicating the flux density at the respective layers. 
(6) Build-up of ®- and H-loci, AH, is perpendicular to Dy. A» is parallel to Hy. 


(2.2) A Method of Normalization of the Graphical Construction 

An attempt to make the above graphical construction inde- 

pendent of the flux density, angular frequency and resistivity is 
based on the following considerations: 

(a) The magnetization curve of the material could be approxi- 
mated as shown in Fig. 2. This implies that the flux density, 
B,, at any layer is independent of the magnetizing force at that 
layer. 

(b) The quantities involved in the ®- and A-loci of the 
graphical construction outlined in Section 2.1 are the vector 
quantities AH and A®, The magnitudes of these for the type 
of magnetization curve stated in (a) would now be 


AH = ®@”Ax x 10-2 | 
P (2) 


A® = BAx 


Now let us suppose that the ®- and H-loci for a particular 
value of B, = By, say, and of w/p = 1 have been drawn. In 
the general case, the value to start with for H for the graphical 
construction will be a finite quantity, and that for M will be 
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Fig. 2.—Approximation to the magnetization curve. 


zero. To apply this construction for other values of B, = By, 
say, and of w/p we have only to bear in mind the facts stated 
in (6), namely that the O- and H-loci will be magnified by scale 
factors B,,/B,o-and B,,w/B,op respectively. In other words, if 
these two loci have been drawn for B, = 10000 gauss, 
wp = 1 and with initial values H; = 1 and , = 0, then the 
same curve will correspond to By = 20000 and w/p = 4 with 
the same initial values for H, and ®,. 

For the case of an infinite half-space of iron the initial values 
of H and ® will be zero at the layer, which could be chosen as 
the origin of reference. Therefore, the O- and H-loci with 
H, = ©, =0 as the starting value lead to normalized curves 
that could be adapted for all values of B, and w/p by suitably 


altering the scale factors. 


; 
(2.3):A Normalized Graphical Construction for the Case of the 
Infinite Half-Space of Iron 


For such a graphical construction, the reference values of 
B, = 10000 and B,(w/p) x 10-8 = 1 are chosen. Since both 
® and H start from zero, it becomes difficult to visualize how 
these loci will build up for successive layers. However, this 
difficulty could be overcome by a very close approximation to 
the stepped B/H curve, as shown in Fig. 2. The curve is linear 
up to H,, which is a very small quantity, so that u = B,/H, 


B, 
and O, = Vom 
wB 


2 1 -8 
where m 2p 2pH, x 10 


ic. O; = Ba/H,. Also, the phase angle between D, and Ay 
is 45°. 

A step-by-step graphical construction was made with B,) = 104 
gauss and H,; = 25 x 107°, a value small enough to approximate 
very closely to the step curve. To reduce the errors of the 
graphical construction to a minimum, the thickness Ax of 
adjacent layers was made 0:001lcm. To cover all cases of 
practical interest, the O- and H-loci were made to cover 1cm 
depth of penetration of the flux. To permit ready reference, 
a summary of the results of the graphical construction is given 


in Table 1. For any given values of B, and w/p the scale factors 
are: 


for H, pe K1OrF 
p 
B; a 
and for 0, B. x 10 4 


sO 


(2.3.1) Choice of Bs. 


For the actual material, the magnetic characteristic is quite 
different from the non-linear characteristic shown in Fig. 2. 
For a proper application of the results of the graphical construc. 
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Table 1 
DisTRIBUTION OF H’ AND ©’ at Various LAYERS WHEN B, = By = 10000 gauss 
Layer No. el ( | 
£30) xo Layer No. 18 QD’ Xo Layer No. H’ a’ x0 
x 10-6 em x 10-3 x 10-6 je) 
nM oe 50 0 (47) 1515 480 a "69 (94) 34200 2235 ee 
(2) oe ‘ (48) 1590 492 zs (95) | 36000 2295 373 
33) a Ss : (49) 1673 504 73 (96) 37950 2355 385 
(4) 44 iS, ; (S0) 1755 516 75 (97) 40 000 2415 395 
(5) a é a 1920 541 79 (98) 42 600 2475 405 
6) a Es ; (52) 2100 565 83 (99) 44.700 2535 415 
(7) ie op ° (53) 2280 588 87 (100) 46 800 2595 425 
(8) Pe 1ag “ (54) 2470 612 91 (101) 49000 2650 435 
(9) HS We ; (S5) 2675 636 95 (102) 51200 2710 445 
(10) 90 120 10 (Bn) 3 100 2 103 0a aa oe ae 
55 600 2825 
Be eee ae | | i oe ee 
(13) 121 140 13 (60) 3790 ne aN He 
752 115 (107) 62 800 3.000 
eee ee | ee Pi ee ee 
67 800 3120 
. $ ei 138 16 (63) 4560 823 127 (110) 70 300 3180 333 
ue ae He a (64) 4830 847 131 (111) 73 600 3240 535 
ue us ee 18 (65) 5110 870 135 (112) 75 600 3295 545 
Ae Leos - 19 (66) 5420 890 139 (113) 78 000 3350 555 
eh ae ce 20 (67) 5700 915 143 (114) 81200 3420 565 
ch on he ot (68) 6020 937°5 147 (115) 84.000 3.480 575 
oe le . 22 (69) 6 320 960 e151 (116) 86 800 3540 585 
as re 8 23 (70) 6 640 985 155 (117) 90000 3.600 595 
Oo ae 05 24 (71) 6970 1010 159 (118) 93 400 3 660 605 
Gs ee: - 25 (72) 7300 1030 163 (119) 96 800 3720 615 
i > 3 27 (73) 7650 1055 167 (120) 99 600 3770 625 
up Se 236 29 (74) 8025 1080 171 (121) | 105600 3880 645 
ee - 247 31 (75) 8 375 1103 175 (122) | 112000 3990 665 
29) 260 33 (76) 9 300 1160 185 (123) | 118400 4110 685 
(30) 488 272 35 (77) 10200 1220 195 (124) | 125600 4230 705 
(31) 535 285 37 (78) 11250 1278 205 (125) | 132200 4340 725 
(32) 580 297 39 (79) 12300 1335 215 (126) | 139200 4465 745 
(33) 630 309 41 (80) 13350 1395 225 (127) | 146600 4580 765 
(34) 685 321 43 (81) 14.475 1453 235 (128) | 154000 4700 785 
(35) 740 334 45 (82) 15560 1510 245 (129) | 161400 4810 805 
(36) 793 345 47 (83) 16875 1568 255 (130) | 169500 4920 825 
(37) 848 357 49 (84) 18 150 1625 265 (131) | 178000 5040 845 
(38) 905 396 51 (85) 19 500 1680 275 (132) | 186000 5160 865 
(39) 960 382 53 (86) 20900 1755 285 (133) | 194000 5260 885 
(40) 1025 396 55 (87) 22 400 1815 295 (134) | 202500 5380 905 
(41) 1088 407 57 (88) 23950 1880 305 (135) | 211500 5490 925 
(47) 1155 420 59 (89) 25550 1935 315 (136) | 221500 5610 945 
(43) 1223 432 61 (90) 27300 1995 325 (137) | 230000 5720 965 
(44) 1293 444 63 + (91) 28 900 2055 335 (138) | 240000 5830 985 
(45) 1365 456 65 (92) 30 600 2115 345 (139) | 249500 5950 1005 
(46) 1440 468 67 (93) 32 300 2175 355 


xo = depth of penetration. ” = phase difference between H’ and ®’ = a constant = arc sin 0:816. For any other value of Bs = Bs1, H = ( 


FH x 10-8 )H’ AT/cm 


and © = —! ©’ maxwelis. 
Bs 


tion suitable values of B, must be chosen and this choice should 
be consistent with the nature of the actual B/H curve. Con- 
sequently, for a known value of Hy the corresponding value of 
B, is chosen from the static magnetization curve of the material. 


(2.3.2) Illustrative Example. 

As an illustration of the use of Table 1, consider the specific 
case of an infinite half-space of iron subjected to a pulsating 
field at 50c/s having the magnetization curve shown at (a) in 
Fig. 3 and p = 16-3 x 10~° ohm-cm. It is required to com- 
pute for flux per unit length in the z-direction, the depth of 
penetration, xo, and the iron loss for an amplitude of the 
magnetizing force Hy = 100AT/cm. From curve (a) in Fig. 3, 
for H = 100AT/cm, B, is 18300 gauss. The scale factor for H 


is B.” x 10-8 = 3525. That is, an Hy of 100AT/cm at the 
p 


surface corresponds to 28370 x 10~° unit in the H-locus. 


From Table 1, for this value of H the depth of penetration is 
Xo = 0:332cm and the flux is 2035. Using the scale factor of 
1-83 (=B,/10000), the flux per unit length in the z-direction is 
3725 maxwells. Also %, the phase angle between ® and J, is 
54-75°, Hence, the iron loss per unit surface area (vide Sec- 


tion 3) is (F x 10-* 0H sin yb = 0-475 watt. 


(2.4) Determination of Flux and Current Distribution and Iron 
Losses in a Solid Toroid Subjected to an Alternating Field 


A problem of practical interest is the determination of fluxes, 
currents and iron losses in a solid toroid whose winding carries 
a sinusoidal current. A toroid of solid iron, the dimensions of 
whose section are large compared with the depth of penetration, 
can be viewed as a portion of an infinite half-space of iron whose 
length in the z-direction is equal to the perimeter of the section 
whose length in the y-direction is the mean circumferential 
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length of the toroid. The magnetizing force at the surface of 
the infinite half-space is the same as for-the toroid. 

Fig. 3 gives the magnetization curves of two specimens. The 
other relevant dimensions are included in Section 6. For any 


FLUX DENSITY, KILOGAUSS 
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Fig. 3.—Magnetization curves for the two specimens of iron. 


(a) Toroid 1; 90 = 16:3 x 10-6 ohm-cm. 
(6) Toroid 2; p = 18-5 x 10-6 ohm-cm. 
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Fig. 4.—Flux and iron-loss curves for toroid 1. 


— Calculated flux. 

@ Experimental values of flux. 
--- Calculated iron loss. 

x Experimental values of iron loss. 
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known frequency and for a given value of H, by using Table 1 
as suggested in Section 2.3 we can determine the flux, D, and 
the iron loss, P;. Knowing ® and the number of turns of the 
exciting winding, the induced e.m.f. in the main winding can be 
calculated. Making suitable allowance for the voltage drop in 
the winding, the applied voltage across the exciting winding can 
be computed. Similar computations could be made for other 
assumed values of H. 

Figs. 4 and 5 show the results of the computation for two 
different toroids compared with test results. In Fig. 6 the 
curves for the predetermined values of the currents for known 
applied voltages at frequencies 40 and 60c/s are shown and 
compared with test results. 
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Fig. 5.—Flux and iron-loss curves for toroid 2. 


—— Calculated flux. 

@ Experimental values of flux. 
—--— Calculated iron loss. 

x Experimental values of iron loss. 
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Fig. 6.—Voltage curves at 60 and 40c/s for toroid 2. 


—— Theoretical curve, 60c/s. 

e@ Experimental values, 60c/s. 
——-— Theoretical curve, 40 c/s. 

x Experimental values, 40 c/s. 
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These computations illustrate the scope and elegance of the 


normalized graphical construction. 


(2.5) Limitations of the Graphical Construction 
The step-by-step construction outlined by the authors is based 
on the following simplifying assumptions: 


(a) The amplitude of the flux density at any layer for a known 
value of magnetizing force at that layer could be determined from 
the magnetization curve of the material. 

(b) The effects of harmonics are ignored. 


A further limitation is that the results of Table 1 can be used 


use of the results of (c) for sin ws, the total power loss per unit 
surface area is 


dH 
a ae 
2pHt dx 
(e) Combining the results of (c) and (d )) 
Pe 
—8)2 
| eee = pal 
; p dx 


Differentiating, 


only for the case of infinite half-space of iron where H, = ©, = 0 
However, the construction could be modi- p | H 


at the starting-point. 


fied to be applicable to iron plates of finite thickness where H is 
a finite quantity at the centre. 
normalized curves could be drawn to cover a range of initial 


values of H. 


~ w x 10-8 
In such cases, a family of 


(3) 


Eqn. (3) is the general expression for the flux below any layer 


(3) A GEOMETRICAL INTERPRETATION OF THE 
GRAPHICAL CONSTRUCTION 


A critical examination of the graphical construction for the 
@- and H-loci for any given magnetization curve leads to certain 
interesting interpretations. 

(a) The tangent to the H-locus at any point is normal to the 
corresponding radius vector on the ©-locus (Fig. 7). 


Fig. 7.The geometry of ®- and H-loci. 


(6) The tangent of the ®-locus at any point is parallel to 
corresponding radius vector on the H-locus. 

(c) If O is the origin for both loci (Fig. 7), then 

ss — 2 x 10-8@dx 

sins p 

Also, since the induced e.m.f. per unit axial length is wD x “ Bee 
the current density at the corresponding layer is w® x 10~-°/p. 
Consequently, the power loss in a layer of thickness Ax and 


unit width is 


ide es oe: 

e 

Hence the total power loss per unit surface area is 
Be 

1 | Cesare 


Pp 
0 


(d) Alternatively, from physical considerations it is obvious 
that the power loss per unit surface area is LEH sins. Making 


at a depth x. 
(f) Also from (c) and (e), 
dH |{ _d?H dH y?|'? 
sin = Ff + (4) | « eg) 


Clearly, sin ¢ signifies the power factor at the layer x. 

These results lead to the important conclusion that, if the 
variation of the amplitude of H as a function of x is known, it 
is a simple matter to calculate ®, % and the loss at any layer, 
whether the region is saturated or not. 

A further interpretation of the geometry of the graphical 
construction leads to Maxwell’s field equations, as outlined in 
Section 4. 


(4) FORMULATION OF THE BASIC DIFFERENTIAL 
EQUATIONS FOR AN INFINITE HALF-SPACE 


(4.1) Derivation Based on the Geometry of the Graphical 
Construction 


From the geometry of Fig. 7 and the results in Section 3 
we have the following equations: 


= SkO' sin 5a). ee 

ae =kOcoss. . . .. . © 

tan fb = ot ee ee a 

where A= 0 — Wand k= 220 ees) 


Differentiating eqn. (5) and substituting for ys from eqns. (6) 
and (7), 


d°H do 
— = H— ee ne Cee tee) 
dx? ee : ©) 
Also, from eqns. (5) and (6), 
hd yes, a0: _ 2dH dé | ao. Uk dr 
mak os didx  - dx’ sine dx 
E OD da 
since sin f = Fi 
1d dé 
Gs Wee Bek = GA ke 
eae apse =) 
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Lastly, the property of the material is such that there exists a 
relationship between B and H at any point x in the form 


B=F(#) (11) 
Eqns. (9), (10) and (11) are the basic differential equations 
governing the distribution of B, H and the phase shift, 0, at 
each layer of the material. 
(4.2) Alternative Method of Derivation of Equations 


An alternative form of deduction of the above equations is 
based on the facts 


eee a 
orhy 1) dby | 23 
y = 10 
5x2 OO) ‘| Yies t) | x 


For the type of material under investigation h,(x, f) and b,(x, 1) 
are always in time phase and hence they could be rewritten as 


h,(x, 1) = H cos (wt + Q) 
b,(x, -) = B cos (wt + 4) 


H, B and @ being functions of x only. From these equations, 
on substitution and reduction, we are led to eqns. (9) and (10), 


where k an x10: 


and 


(5) SOLUTION OF EQUATIONS (9), (10), (11) 


(5.1) Solution for the Linear Case 
Eqns. (9), (10) and (11) are applied to a material of constant 
permeability, that is, B = wH. Using the substitutions, H = e”, 
p = du[dx and q = d0/dx eqns. (9) and (10) could be rewritten as 


dp_» 2 dq _ 
Pe p’ and = = ku 2pq 
d ; : : 
whence Fe (PT ID = pik — (+ iq? 
If Pep igiten eee 
dx 
This yields 
exp [u + j0 — xs/(jku)] = A + Ce-2xvGke) 

Or Hes — Agdtaxv Gk) -+- Ce-U+iDxv Gku) 


which could be recognized as the classical expression for the 
linear theory. For the condition of infinite half-space (H = 0, 
x = — ©), we finally have He/® = Hye" +A, where Hy is the 
magnetizing force at the surface. 


(5.2) A Particular Solution when B = B, = a Constant 


It is obvious that for large values of flux density the assumption 
of constant permeability is not tenable. For the step-magnetiza- 
tion curve for which the normalized graphical construction has 
been drawn, B = B,, H =0. The field equations would then 


become 
d*H dO. 2 
dx2 (Te) ah 
1ydopsd6 
2 ek, 
H dx =) KB, 
B 
If H =kBH’ = (2s -8\ Fy 
: Ge lore aa (12) 
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then we have the normalized differential equations 


ata 


dO? 
Rp ’ 13, 
ar ( =) =0 (13) 
jd 5d0 
weugies a) 14 
ret dx ( 


The normalized step-by-step graphical construction of Sec- 
tion 2 is in effect the solution of the non-linear simultaneous 
equations (13) and (14). 

There appears to be no general solution with arbitrary con. 
stants. However, one could recognize the above equations as 
analogous to the dynamics of motion of a particle with radia’ 
and transverse accelerations. It is a well-known result that, if a 
particle moves in an equiangular spiral and if the radial accelera- 
tion is zero, then the transverse acceleration is proportional te 
(distance). Stated explicitly, if H’ oc eV*®, then the above 
equations hold simultaneously. 

As a consequence, 


1 
‘= —(x + dy 15 
where d is an arbitrary constant. 
The above is the law of variation of H’ with x. Strictly 


speaking, therefore, this law of variation is by no means < 
general one. However, its acceptance for the specific problem 
in question rests on the following considerations: 


(a) The step-by-step normalized graphical construction gives the 
variation of H’ with @ as an equiangular spiral. 

(6) A complete solution for H’ with two arbitrary constants 
although essential to deal with sheets of finite thickness or with { 
discontinuous medium, is unnecessary for a problem concerning at 
infinite half-space of iron for which one of the arbitrary constant: 
must be zero, to satisfy the requirements of a vanishing A’ for larg 
values of x. 

(c) The above postulate concerning the law of variation for H’ 
when applied to specific problems, must yield results sufficiently 
close to experimental ones to warrant the assumption that the lav 
is, at worst, a very close approximation. 


(5.3) Computation of Eddy-Current Loss, Flux, etc., based 
on H’ x x? 


For the specific case of infinite half-space where the origin i: 
so chosen that H’ = 0 at x = 0, eqn. (15) reduces to 


yoo er 
“ya 
—% 
or H = ax? where a= ee : (16 


It has been emphasized in Section 3 that all relevant quantitie 
could be deduced once a law for H as a function of x is known 
Making use of the results of Section 3 we finally have: 


Loss per unit surface area, 


P; = 0:4854\/(pB,w x 10-8)H@/? watts . (17 

Flux per unit length of perimeter, 
stn pF. 
©) =1 189,/(— PAs) ge maxwells (18 
Power factor, sin Jy = 0-8165 (19 

Total depth of penetration, 

= 2-06 | ( it ) 1/2 | 
0 wB, x 10-8) 20 a 


where Hy is the amplitude of the magnetizing force of th 
exciting winding. The choice of B, is as in Section 2.3.1, 


es 


SP 9 WA, re 
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(6) EXPERIMENTAL VERIFICATION 
The results of the graphical construction and also the expres- 


sions deduced in Section 5.3 are simultaneously verified with 


_hetic properties. 


experimental data on two toroids of different electric and mag- 
The details of the toroids are as follows: 


a Toroid | Toroid 2 
, Material Mild steel Mild steel 
_ Resistivity 16-3 x 10-° ohm-cm 18-5 x 10-6 ohm-cm 
at 20°C at 20°C 
Bi/Hcurve . .. Fig. 4, curve (a) Fig. 4, curve (6) 

External diameter .. 34:3cm 33-66cm 

Internal diameter 30-5cm 29:21cm 

1:9 x 1:9cm 2-22 % 1°43'cm 


Cross-section . . 


(corners rounded to 
0-32.cm radius) 


(corners rounded to 
0-08cm radius) 


_ Perimeter of section .. 7:08cm 7-17cm 
Mean circumference .. 101-8cm 98-7cm 
Number of turns of 1000 800 

magnetizing winding 

~Number of secondary 500 $00 


turns (for flux 
measurement) 


The flux and loss curves under sinusoidal magnetization up to 


_yery high values of Ho are given in Figs. 4 and 5. To avoid 
an appreciable departure from the desired sinusoidal waveform 


of current, each of the exciting coils was energized from the 


- 400-volt 50c/s mains through a large non-inductive resistor. 


- monics. 


The oscillograms for currents showed no recognizable har- 
Readings were taken quickly and the temperature was 


allowed to fall to room temperature after every reading to 


j 


the results on toroid 2 obtained by the authors. 


maintain the resistivity practically constant. A mean-reading 


' voltmeter was connected across the secondary winding for 


measuring the flux. The test results for toroid I have been 
given by Pohl,* and are reproduced in Fig. 4, whilst Fig. 5 gives 
In these 


_ Figures are also shown curves computed from Table 1 or from 


eqn. (18). 


It is seen that in each case there is agreement within 


the limits of accuracy of measurements. 


Further tests were carried out on toroid 2 at 60c/s and 40c/s 


- with a pure sinusoidal applied voltage obtained from a sine-wave 


- generator. 


Fig. 6 gives the results of measured voltage for 


currents through the exciting winding (expressed as equivalent 
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ampere-turns per centimetre). Curves obtained from Table 1 
or from eqn. (18) are also shown. 


(7) CONCLUSIONS 


The results of Section 6 justify the conclusion that the 
normalized graphical construction could be applied to the 
calculation of all quantities for any given magnetic material over 
any range of frequencies. The graphical construction in general 
has the further advantage that a study of its geometry leads to 
the important conclusion that, once the law for magnetizing 
force, H, against x is known, all other quantities can be 
deduced therefrom, whether the region is linear or saturated. 
It is this conclusion that has led to a law governing the 
distribution of H. Based on this we are led to simple expres- 
sions for the calculation of the various quantities. Lastly, it 
is to be expected that in the study of the solid-rotor machine 
where performance has to be calculated over a wide range of 
frequencies, the results of Table 1 will be of value. 
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DISCUSSION ON: 


‘THE PRODUCTION OF A SINUSOIDAL FLUX WAVE, WITH PARTICULAR 
REFERENCE TO THE INDUCTOR ALTERNATOR’* 


Mr. G. Barello (France: communicated) : I was greatly interested 
by Mr. Hancock’s monograph, as his main theoretical results are 
the same as those I published} following a patent application 
filed in 1943. The agreement between the results can be con- 
sidered as a proof of their soundness. 

However, the designers of inductor alternators do not appear 
to be aware of the importance of adopting a rotor profile 
approaching the ideal shape. It is true that in practice a sinu- 
soidal waveform of the generated voltage cannot be obtained 
solely by this means. 

Armature reaction and hysteresis are important causes of dis- 
tortion of the voltage wave in this type of alternator, generally 
built with only one slot per pole per phase. Hysteresis produces 
a trough in the rising branch and a peak in the falling branch of 
each half-wave. However, the suggested rotor shape offers other 
advantages. For instance, it is known that the voltage/excitation 
characteristic of a common inductor alternator, after reaching a 
maximum, falls at high values of exciting current, owing to the 
saturation of the rotor teeth. 

With the improved form of the rotor saliencies this effect is 
very attenuated, because the rotor induction corresponding to a 
given flux is lower. Moreover, taking also into account the 
smaller height of the rotor saliences, the excitation m.m.f. is 
considerably reduced. 


* Hancock, N. N.: Monograph No. 204 S, October, 1956 (see 104 C, p. 167). 
+ Elettrotecnica, 1946, 33, p. 313. 


Even if it is not especially intended to obtain a sinusoidal flux 
distribution, the foregoing gives a clue for improving an ordinary 
rotor. This can be seen if one considers the known magnetic 
field plot of a rotor with rectangular slots placed in front of an 
unslotted stator; if the rotor and stator surfaces are both sup- 
posed to be equipotentials, any other equipotential line of the 
corresponding field plot should be adopted as the rotor profile 
and would give the same flux distribution on the stator bore, when 
the proper m.m.f.was applied between the two surfaces. The field 
plot shows that, for a slightly smaller air-gap at the centre-line 
of the saliences, the equipotential surfaces corresponding to a 
given rectangular slot will give rotor slots which are rounded 
and shallower than the original slots. A more careful analysis 
of the consequences ot this modification shows that it is always 
favourable. 

Mr. N. N. Hancock (in reply): The objection put forward by 
designers to the use of these profiles is, with some justification, 
based mainly on the distortion caused by armature reaction. 
There are, however, designers who are not aware that there are 
practicable pole profiles which result in sinusoidal no-load 
e.m-f.’s. In this connection I must myself apologize to Mr. 
Barello for my ignorance of his prior work. I find his remarks 
on hysteresis particularly interesting as I had not given any 
consideration to this effect. 


DISCUSSION ON 
‘AN ANALYSIS OF COMMUTATION FOR THE UNIFIED-MACHINE THEORY’* 


Mr. M. J. Jevons (communicated): Mr. Jones’s method of 
including a second coil in the unified theory is both novel and 
informative. The issues of the short-circuited coil, with an axis 
coincident with the main stator axis have long been debated, 
in classical terms, for the a.c. commutator machine, in which 
the problems of commutation are particularly serious. 

The dynamic performance of any electro-mechanical device is 
described in a minimum number of equations derived from the 
holonomic Lagrange equation, and, by definition, forms a sym- 
metric set. The equations are made linear by a transformation 
into quasi-holonomic axes, but, it is argued, this latter set is 
not basic to the commutator machine. The equations of this 
machine are obtained from a ‘layered’ slip-ring primitive machine 
by coustraining non-holonomic reference axes to be holonomic 
over the commutating region only, and equating this to zero in 
the limit. This idealizes the process of commutation and at the 


* Jones, C, V.: Monograph No. 302 U, April, 1958 (see 105 C, p. 476). 


same time linearizes the set of equations. The equations thu: 
obtained are symmetric and are reduced to the conventiona 
form by eliminating the axes of the additional coils. 

This method of including commutation is suitable for the 
2-brush machine, but would be unsuitable for unbalanced con: 
ditions such as obtain in the Metadyne or commutator versior 
of the single-phase induction motor. An approximation migh 
be made by the use of a 3-layer primitive, but the increasec 
complexity would limit the usefuless of the equations. 

Mr. C. V. Jones (in reply): The analysis given in the paper wa: 
confined to the simple case of a 2-brush commutator machine 
merely for the sake of clarity. No new principle is involved 
however, in the extension of the analysis to the 4-winding com 
mutator machine. This is straightforward, and the appropriat 
results have been considered in a previous discussion of th 
paper.f 

} Proceedings I.E.E., 1959, 106 C, p. 1. 
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